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PREFACE 


General Purpose. Demonstrative geometry is taught for 
the purpose of giving to the student an insight into deduc- 
tive reasoning, of allowing him to know what it means to 
prove a statement, of giving him the privilege of ‘‘ stand- 
ing upon the vantage ground of truth,”’ of cultivating his 
habits of independent investigation, of developing his own, 
rules in applied mathematics, and of stimulating his appre- 
ciation of the beauties of the science. 


Plan of the Book. In some schools the course of study 
permits of doing this work thoroughly, while in other 
schools the pressure upon the curriculum is such as to 
allow less time than might profitably be used. On this 
account it is necessary to adjust a textbook so as to per- 
mit of such flexibility in its use as to adapt it to curricula 
of various kinds. To accomplish this purpose the propo- 
sitions and corollaries have been limited to those that are 
actually necessary for the proof of subsequent statements 
or that are needed for a considerable number of important 
exercises. The lists of propositions prepared under the 
authority of the National Committee on Mathematical 
Requirements and of the College Entrance Examination 
Board have been followed as closely as the best principles 
of sequence and selection seem to warrant. The exercises 
have been carefully selected and have been made so nu- 
merous that any school may find abundant material for a 
long and thorough course, while another school may easily 
limit the course without destroying the sequence. 
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In each book the fundamental theorems are given first, 
ordinarily followed by the fundamental constructions to 
which the theorems lead. In this way the great basal prop- 
ositions are so grouped as to command the special atten- 
tion which they deserve. Indeed, for a brief course in 
geometry the other propositions might be omitted or else 
referred to informally in the relatively few cases in which 
they are needed in subsequent proofs. In the same way 
such subjects as Numerical Relations in Book III, Sup- 
plementary Constructions in Book IV, and Circle Meas- 
urement in Book V have not enough of demonstrative 
geometry connected with them to render them indispensa- 
ble, particularly if a student has studied intuitive geometry 
in the junior high school. Since the general experience of 
teachers has shown the desirability of keeping model dem- 
onstrations continually before the student, the proofs of 
most of the basal propositions have been given in full, while 
the original work is secured through the exercises. 

Among the special features of the work may be men- 
tioned the selection and arrangement of propositions, the 
- simplicity of language and of proofs, the introduction to 
independent demonstration, the statements of the plan of 
proof, the applications, the improved typography, and the 
emphasis secured through the framing of the diagrams. 

My long and intimate association with my lamented col- 
league, George Wentworth, who, unfortun&tely, died before 
this book was undertaken, and the life-long influence of 
the sound principles established by his father, George A. 
Wentworth, have, I venture to hope, qualified me to write 
in the spirit which has made the mathematical textbooks 
bearing the Wentworth name of such inestimable service 
to more than one generation of teachers and students. 


DAVID EUGENE SMITH 
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SYMBOLS AND ABBREVIATIONS 


The following are the most important symbols used : 


+ plus Ze angle 
- minus A triangle 
ae times & rectangle 
ee /,: divided by fey, parallelogram 
4 square root of © circle 

cube root of st straight 
= is equal to, equals, ime right 

is equivalent to AMA: A-prime, A-second, 

a? square of a Ae ete i Actnit done 26 
a* cube of a Ai, As, A-one, A-two, 

and so on EArt: A-three, ... 
> is greater than AX. axiom 
<< is less than Post. postulate 
- therefore Const. construction 
> tends to Def. definition 
lI parallel Cor. corollary 
abs perpendicular Iden. identical 


Symbols of aggregation are used as explained in the text. 

There is no generally accepted symbol for ‘‘is congruent 
to.’’ The sign = is commonly employed, the context tell- 
ing whether equality, equivalence, identity, or congruence 
is to be understood ; but teachers often use =, =, or = for 
congruence, and — or ~ for similarity. The symbol = is 
also used for identity, but is rarely needed in geometry. 

There is no generally accepted symbol for ‘‘arc.’’ Some 
teachers recommend using AB for ‘‘arec AB,’’ and this 


symbol has some advantages. ° 
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PLANE GEOMETRY 


INTRODUCTION 


I. COMMON TERMS EXPLAINED 


1. Nature of Geometry. We are now about to begin 
another branch of mathematics, one not chiefly relating 
to numbers, although it uses numbers, and not primarily 
devoted to equations, although it uses them, but one that is 
concerned principally with the study of forms, such as tri- 
angles, parallelograms, and circles. Many facts that are 
stated in arithmetic and algebra are proved in geometry. 


2. Terms already Known. The student already has con- 
siderable familiarity with the terms that he will need to 
use. For example, he has a fairly good idea of such terms 
as straight line, curve, right angle, acute angle, triangle, 
square, and circle. In the case of certain of these terms 
it is unnecessary and even undesirable for the student to 
give the time and thought essential to the wording of a 
eareful definition. 

3. Precise Definitions. In the case of other terms, how- 
ever, precise definitions are necessary, for the reason that 
we make use of such definitions in proving certain impor- 
tant statements to be studied later. 

Unless the student is specifically told that it is neces- 
sary to memorize a definition, it will be sufficient if he is 


able to use the terms correctly. 
1 


9 COMMON TERMS EXPLAINED INTROD. 


4. Surface, Line, Point. The solid here shown has six flat 
faces, each being arectangle. Itis called arectangular solid. 


Statements and terms that should be 
considered most carefully, although infor- 
mally, are printed in italic type. 


Each of the six flat faces is part 
of the surface of the solid, and each 
is itself called a surface. 

If each of these flat faces is so 
smooth that when a straight ruler 
lies upon it in any position all points 
of the ruler touch the surface, the flat face is called a plane 
surface or simply a plane. 

A surface has length and breadth, but no thickness. 


In all such cases, examples in the classroom should be noticed. 


In the above figure some of the faces meet in lines, and 
these lines are the edges of the solid. 

The way in which faces and lines are named will be 
understood from the statement that the faces AEFB and 
ABCD meet in the line AB. 


A line has length but neither breadth nor thickness. 
We may represent a line by a mark, but a mark is really a very 
thin solid made of chalk, ink, or some other writing material. 


We commonly speak of solids, surfaces, and lines as 
magnitudes. 

In the above figure the lines BC and CD meet in the point 
C, a vertex of the solid, and one of the eight vertices. 

A point has position but not size. 


A point, a line, a surface, or a solid, or any combination 
of these, is called a geometric figure or simply a figure. 

Plane geometry considers figures of which all parts lie 
in one plane. 
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5. Lines. The figures AB and m here shown represent 
straight lines. When no misunderstanding is likely to arise, 
a straight line is called simply a line. 

Thus, we speak of the line AB and 4——————8 
the line m, meaning straight lines. Se 

Lines and surfaces are supposed to extend indefinitely 
far unless the contrary is stated. If we wish to speak of 
part of a line limited by two points, 
we call it a line segment or simply 1 ~ = 
a segment. In this figure, PQ is a line 
segment, since it is a definite part of the unlimited line J. 

If we wish to speak of a line beginning at a certain point 
O and extending indefinitely, we call it ot 
aray. In this figure a, b, c are rays. a 

When no misunderstanding is likely 
to arise, it is customary to use the word ‘‘line’ 
of ‘‘segment’’ or ‘‘ray.”’ 

A line of which no part is straight is called a curve line 
or simply a curve. The-line AB here oR B 
shown is a curve line. 

Two straight-line segments that can be placed one upon 
another so that their end points coincide are said to be 
equal. a c B 

In this figure, AB =CD, as may be seen by meas- 
uring with compasses. By putting one point of 
the compasses at C and the other at D, and then, 


without changing the opening of the compasses, 
putting one point at A and the other at B, we can 


’ 


instead 


transfer CD to AB. D 
In the line 1 here shown, AC is the swm of AB and BC; 
that is, GAR EBC. pt BC 


Also, BC is the difference between AC and AB; that is, 
BC=AC—AB. 


4 COMMON TERMS EXPLAINED INTROD. 


6. Angles. If two rays proceed from the same point, they 
form an angle. In this figure the rays OA and OB form 
the angle AOB. The vertex of this angle is B 
O and the arms or sides are OA and OB. 

When no misunderstanding is likely to a 
arise, an angle may be named by the letter 0 
at the vertex or by a small letter within a 
the angle, as in the cases of angles O and 
m here shown. If three letters are necessary, the middle 
one represents the vertex, as in the angle AOB above. 

The size of an angle depends upon the amount of turn- 
ing necessary to bring one arm to coincide with the other. 
Thus, taking these 
compasses, we see 


that the first angle is 
less than the second, 
and that the second 
islessthanthe third. 

We commonly measure angles ih degrees, a right angle 
being 90°. In the above case the three figures are angles 
of 40°, 90°, and 120°, approximately. C 

In this figure, angle AOB is less than 
angle AOC, angle AOC is greater than zs es 2 
angle AOB, angle AOC is the sum of 9 A 


angles AOB and BOC, and angle AOB is the difference 
between angle AOC and angle BOC; that is, 


ZAOB< ZAOC, 

ZAOC > ZAOB, 

ZAOC = ZAOB+ZB0C, 
and ZAOB= ZAOC—ZBOC. 


Students are advised to provide themselves with compasses, a ruler, 
and a protractor for drawing figures. 
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7. Rectilinear Figure. A figure which lies wholly in one 
plane and which represents a surface that is bounded by 
segments of straight lines is called a ; 
plane rectilinear figure or simply a recti- 
linear figure. 

The segments are called the sides of 
the figure, and the adjacent sides meet in the vertices 
of the figure. The sum of all the sides is the perimeter 
of the figure. 

In modern geometry the bounding line is also considered as the 
figure, and the perimeter as the total length of this line. In this book, 


unless the contrary is stated, only those figures will be considered in 
which each of the angles within the figure is less than two right angles. 


8. Triangle. A rectilinear figure of three sides is called 
a triangle. C 

A triangle is conveniently lettered 
as here shown. The small letters rep- b a 
resent the sides and correspond to the 
large letters at the opposite vertices. A C B 

The side upon which a triangle or any other rectilinear 
figure is supposed to stand is considered as the base of 
the figure. 

The vertex opposite the base of a triangle is called the 
vertex of the triangle. Although a triangle has three ver- 
tices, it has only one that is called the vertex. 

In the above triangle: 

The three vertices are A, B, C, and the three sides are 
designated as a, b, c or as BC, CA, AB respectively. 

The vertex is C and the base is ¢. 

The perimeter isa+6+c¢, or BC+ CA+AB., 

The angles are BAC, CBA, ACB. 

The various types of triangles and other common rectilinear figures 
will be considered later, when the necessity arises. 
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Exercises. Review of Common Terms 


Draw the following figures, writing the name under each : 


1. Rectangle. 4. Rays. 7. Rectilinear figure. 
2. Solid. 5. Triangle. 8. Straight line. 
3. Curve. 6. Angle. 9. Line segment. 


Draw a figure representing each of the following: 
10. The sum of two line segments. 

11. The difference between two line segments. 
12. The sum of two angles; of three angles. 

13. The difference between two angles. 


14. A rectangular solid has how many edges? how many 
faces? how many vertices? 

15. By counting the edges, faces, and vertices of a. 
rectangular solid find the number to be added to the num- 
ber of edges to equal the sum of the faces and vertices. 


This law, which is useful in the study of crystals, holds for all 
ordinary forms of solids bounded by planes. The student may be 
interested to try it with a pyramid or any other convenient solid. 


16. Use a ruler to find out whether the top of your desk 
is approximately a plane as described in § 4. 


Of course, no such surface is exactly a perfect plane. 


17. Draw four angles, a, b, c, d such that a<b<c<d., 


Consult the table of symbols and abbreviations when symbols are 
not clearly understood. 


18. Draw a curve of such shape that a straight line can 
cut it in four points and only four. 


19. Draw a figure showing the number of points in which 
one straight line can intersect another. 


~~] 
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II. DEFINITIONS 


9. Nature of Definitions. In $$10-22 we shall consider 
certain definitions which are so important that the student 
will find it convenient to memorize them, at least in sub- 
stance, because they are frequently needed in proving 
other statements. 

It should be understood that these definitions can be 
turned around; that is, if we say that certain conditions 
make a right angle, it follows that a right angle implies 
these conditions. In other words, 


A definition can be inverted. 
For example, if the organ of sight is called an eye, then an eye is 


the organ of sight. 
This is mentioned at the present time because the student will 


occasionally find it convenient to invert a definition. 


10. Equal Angles. If either of two angles can be placed 
on the other so that they coincide, the B 
two are called equal angles. a A 

For example, these two angles are equal, all lines ‘iB! 
being supposed to be indefinitely long. The amount 
of turning necessary to make one angle isevidently __ Al 
the same as that necessary to make the other. 

In speaking of two figures that resemble each other it is often con- 
venient to use primes (!) in lettering one of them. In the above case 
ZA’O’B’ is read ‘‘ angle A-prime O-prime B-prime.’’ 

11. Bisector. A point, a line, or a plane that divides a geo- 
metric magnitude into two equal parts is called a bisector 


of the magnitude. Mu 
For example, M, the midpoint of the line A 
AB, is a bisector of the line. Common sense 


will tell the student the meaning of such simple B 
terms as midpoint. M 
Similarly, we may have a bisector of an angle; : 


for example, OM bisects the Z AOB here shown. O 
P 
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12. Straight Angle. If the arms of an angle extend in 
opposite directions so as to be in one straight line, the 


angle is called a straight angle. x 
For example, both x and y in this figure are Enero 
straight angles, x being formed by turning the y 


arm OA halfway around the vertex O. 
Astraight angle contains 180°; hence two straight angles contain 360°. 


13. Right Angle. Half of a straight angle is called a 
right angle. ft 

For example, x and y are evi- | Mo 
dently halves of the st. Z AOB and y x iw fe> 
hence they are right angles; w, v, B O A 
and z are also right angles. 


It follows from the definition that two right angles make a straight 
angle and that four right angles fill the space about a point.. 


14. Perpendicular. If one line meets another so as to 
make a right angle with it, either of the two lines is said 
to be perpendicular to the other. 


Fb 
In each of these figures, R is the 
vertex of a right angle; hence in each rs ee 
figure, a is perpendicular to 6, and 6 is R b b IR 


also perpendicular to a. 

The line a is called a perpendicular to b, and b a perpendicular to a, 

A line that is perpendicular to a line segment and also bisects it is 
called a perpendicular bisector of the segment. 

The point # in each figure is called the foot of the perpendicular 
to b, or the foot of the perpendicular to a. 

The terms horizontal, vertical, oblique, and slanting, referring to 


lines, are used informally in geometry with the usual meaning with 
which the student is familiar. 


15. Square. A rectilinear figure of four equal sides and 
four right angles is called a square. 
This figure is too well known to require illustrating. 


The line joining opposite vertices of a square is called the diagonal, 
a term which we shall define later in connection with other figures. 
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16. Angles further classified. An angle is called’ 


an acute angle if it is less than a right angle; 
an obtuse angle if it is greater than a right angle; 
a reflex angle if it is greater than a straight angle. 


5 See ai 


Acute Angle Obtuse Angle Reflex Angle 


Acute and obtuse angles are called oblique angles, and 
each arm is said to be oblique to the other arm. 

If a wheel turns through more than 180°, each spoke turns through 
a reflex angle. If it turns through 360°, each spoke turns through a 
perigon, a term occasionally convenient. The wheel may, of course, 
turn through as many degrees as we please. If we speak of an ZO, 
however, we mean the ZO less than 180° unless the contrary is stated. 

17. Adjacent Angles. Two angles which have the same 
vertex and a common arm between them Cc 
are called adjacent angles. a 

For example, in this figure 4AOB and BOC Z 
are adjacent angles. O A 

18. Angles classified by Sums. If the sum of two angles 
is a right angle, each is called the complement of the other, 
and the two angles are called complementary angles. 

If the sum of two angles is a straight angle, each is 
called the supplement of the other, and the two angles 
are called supplementary angles. 


ae ee 


Complementary Angles Supplementary Angles 


It may be assumed that if the sum of two adjacent angles 
isa straight angle, their exterior sides form a straight line. 


Or DEFINITIONS INTROD. 


19. Triangles classified as to Sides. A triangle is called 


an isosceles triangle when two of its sides are equal; 
an equilateral triangle when all its sides are equal. 
Isosceles Equilateral 


The word ‘‘ equilateral’? means equal-sided. It is applied to any 
figure having equal sides. 

An equilateral triangle is a special kind of isosceles triangle. 

An isosceles triangle is usually represented as resting on the side 
which is not equal to either of the other sides. This side is called the 
base, and the opposite vertex is called the vertex of the triangle. Ancient 
writers often spoke of the equal sides as the legs of the isosceles tri- 
angle, the word ‘‘ isosceles ’’ meaning equal-legged. 

If no two sides of a triangle are equal, the triangle is called a scalene 
triangle, but the term is not commonly used. 


20. Triangles classified as to Angles. A triangle is called 


a right triangle when one angle is a right angle; 

an obtuse triangle when one angle is an obtuse angle; 
an acute triangle when all its angles are acute angles; 
an equiangular triangle when all its angles are equal. 


Right Obtuse Acute Equiangular 


in a right triangle the side opposite the right angle is 
called the hypotenuse. 

The other two sides of a right triangle are often called simply the 
sides when no confusion is likely to arise. 


Since ancient writers usually represented the hypotenuse as the 
base, the other two sides were called the legs of the right triangle. 
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21. Circle. A closed curve lying in a plane and such that 
all its points are equally distant from a fixed point in the 
plane is called a circle. 

When we draw a circle we sometimes say that 
we describe a circle. Hither word, ‘‘draw’’ or 
*“describe,’’ may be used in this sense. When a 
circle is drawn with the compasses we often say 
that we construct it. 


22. Terms relating to a Circle. The point 
in the plane from which all points on the circle are equally 
distant is called the center of the circle. 

A circle is commonly named by the letter at the center. 


Any one of the equal straight-line segments which 
extend from the center of a circle to the circle itself is 
called a radius (plural ‘‘ radii’’). 

A straight line through the center and terminated at 
each end by the circle is called a diameter. 

It is evident that a diameter is equal in length to two radii. 


Any portion of a circle is called an are. 
Ares are measured in degrees, a circle containing 360°. 


The length of the circle, that is, the distance around the 
space inclosed, is called the circumference. 

Formerly, the term circle was used to mean the part of the plane 
inclosed, and the bounding line was then called the circumference. 

An arc that is half of a circle is called a semicircle. The 
length of a semicircle is called a semicircumference. 

An arc less than a semicircle is called a minor are; an 
are greater than a semicircle is called a major arc. 

The word ‘‘are’’ alone may be taken to mean a minor are. 


23. Lines of Elementary Geometry. The straight line and 
the circle, or parts of such figures, are the only lines used 
in elementary geometry. 


ee; DEFINITIONS INTROD. 


Exercises. Meaning of Terms 


1. Draw four right angles in different positions. 


All the drawings required on this page may be made freehand or 
by the aid of a ruler as the teacher may direct. At present the pur- 
pose is to fix in mind the meaning of the terms. 


2. Draw four lines in different positions and then draw 
three lines perpendicular to each of the four lines. 


3. Draw a horizontal line and a vertical line that inter- 
sect. What kind of angle is formed? 


4. Draw four acute angles of different sizes. 


5. Draw an obtuse angle that is equal to the sum of a 
right angle and one of the acute angles of Ex. 4. 


6. Draw any acute angle and then draw its complement 
and its supplement. 


The protractor may be used advantageously in such cases. 


7. Draw three straight lines intersecting by twos. They 
may determine one point or how many points? 
If the word ‘*‘ determine ’’ is not clearly understood, it should be 
considered in class. We say that in general three lines determine three 
points, meaning that this is the greatest number that they deter- 


mine, although in special cases, as the student should show, they may 
determine two points, one point, or no point. 


8. Through how many degrees does the minute hand 
of a clock turn in { hr.? in 20 min.? in 45 min.? in 13 hr.? 


9. If aradius 33 in. long is used in drawing a circle, and 


if the circumference is 3 times the diameter, find the 
circumference. 


10. If the supplement of 7 is 42, how many degrees 
are there in each angle? 


11. If the complement of Z mis 38m, how many degrees 
are there in each angle? 


§§ 24, 25 DEMONSTRATIVE GEOMETRY 13 


III. DEMONSTRATIVE GEOMETRY 


24. Need for Demonstrative Geometry. In looking at geo- 
metric figures we often find that we make mistakes if we 
judge by appearances. It is partly on this account that 
we need to demonstrate the truth of our judgments. 

For example, state which is the longer line, AB or XY, 
and estimate how many sixteenths of an inch longer it is. 


See ee 


Then test your results by measuring with the compasses 
or with a carefully marked piece of paper. 

Look at this figure and state whether AB and CD are 
both straight lines. If one of them 
is not a straight line, which one is 2 B 
it? Test your answer by using a 
ruler or the folded edge of a piece C 
of paper. 

Look at this figure and state whether the line AB will, 
if prolonged, lie on CD. Test your 


answer by laying a ruler along the , ae en. 


line AB. 
Look at this figure and state which of the three lower 
lines is AB prolonged. Then test “ 


your answer by laying a ruler . 
along AB. \‘ 

25. Bases for Proof. The proofs Ls 
of geometry are based upon cer- 
tain assumptions known as ax- 
ioms and postulates. Since these assumptions do not depend 
merely upon the observation of figures, but upon common 
sense, they are universally accepted as the foundations 
upon which we may safely build our work. 


4 DEMONSTRATIVE GEOMETRY iINTROD: 


96. Axiom. A general statement admitted without proof 
is called an axiom. The following axioms should be memo- 
rized; others will be assumed when needed. 


All numbers and magnitudes referred to in the axioms are con- 
sidered as positive. 


1. If equals are added to equals, the sums are equal. 


For example, since 9=5+4 
and m= Be 
we see at once that 9+5=5+4+4+3+42 
or 14=14 


Likewise, if a=3 and b=7, thena+b=3+7=10. 


2. If equals are subtracted from equals, the remainders 
are equal. 


For example, since 9=5+4 
and __ 8=2+1 
we see at once that 9—3=5+4-2-1 
or 6=6 


Likewise, if a=10 and «=8, then a—x=10—3=7. 


3. If equals are multiplied by equals, the products are 
equal. 


For example, since 12=15-—3 
and 22 
we see at once that 2x12=2x15—2x8 
that is, 24= 30-6 
or 24 = 24 


Likewise, if }a =7, then x =2x7=14. 


4, If equals are divided by equals, the quotients are equal. 


For example, since 16=9+47 
we see at once that 16+4=(9+7)+4 
that is, 4=2+4% 
or a= Lf aid, 


The divisor nust never be zero, division by zero having no meaning. 
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5. A number or magnitude may be substituted for its 

equal. 

For example, ifa+2=6 and ifx=y,thena+y=b. 

If b> and if x=y, then b> y. 

If <=b—a and if y=b—a, then xz=y. 

The student should make up other examples to illustrate this axiom. 

As a special case this axiom is often stated as follows: Quantities 
equal to the same quantity are equal to each other. 

The word ‘‘ quantity ’’ here refers to numbers or magnitudes. 


6. Like powers or like roots of equal numbers are equal. 
That is, if «= 2, then «?=2?, or 22=4. Also, if 2?= 27, then «=3. 


7. If equals are added to or subtracted from unequals, or 
af unequals are multiplied or divided by equals, the results 
are unequal in the same order. 

This means that if x >y and if a=), then 
et+ta>ytb ax > by 
e-—-a>y—b e+a>y+b 
The student should illustrate each of the above cases by numerical 


examples, using the values « =10, y=5, a=b=2, or others if desired. 
If x < y the above signs of inequality will all be reversed. 


8. If unequals are added to unequals in the same order, 
the sums are unequal in the same order; if unequals are 
subtracted from equals the remainders are unequal in 
reverse order. 

Ifa>b,c>d,andx=y, thna+c>b+d,andv—u<y-—b. 
The student should illustrate as in Ax. 7. 

9. If the first of three quantities 1s greater than the 
second, and the second is greater than the third, then the 
first is greater than the third. 

Thus, ifa>b6 and if b> c, thena>c. 


10. The whole is greater than any of its parts and is equal 
to the sum of all its parts, 
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27. Postulate. In geometry a geometric statement ad- 
mitted without proof is called a postulate. The following 
postulates should be memorized; other postulates will be 
assumed when needed. 


In considering the postulates, the student should draw a figure to 
illustrate each one. 


1. One straight line and only one can be drawn through 
two distinct points. 


This postulate is sometimes more conveniently expressed 
in one of the following forms: 


Two distinct points determine a line. 
Two straight lines cannot intersect in more than one point. 
For if they intersected in two points, the lines would coincide. 


Post. 1 may be given as the authority for any one of the above 
three statements. 


2. A straight-line segment can be produced to any 
required length. 

To produce AB is to extend it through B; A B 
to produce BA is to extend it through A. 


In the figures in this book, lines produced are generally represented 
by dotted lines, as shown in § 48. 


3. A straight-line segment is the shortest path between 
two points. 


Since distance in a plane is measured on a straight line, this postulate 
is sometimes stated as follows: A straight line is the shortest distance 
between two points. More properly speaking, however, distance is the 
length of the line instead of the line itself. 


4, In a plane one and only one circle can be constructed 
with any given point as center and any given line segment 
as radius. 


From the definition of a‘circle and from this postulate we see and 
may hereafter state that all radit of the same circle are equal. 
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5. Any figure can be moved without altering its shape 
or size, 


That is, we may think of a triangle as moved about without any 
change in shape or size, and similarly for any other figure. 


6. All straight angles are equal and all right angles are 
equal. 


The second part of the postulate follows from the first, because a 
right angle is half a straight angle. 


7. A line segment can be bisected, and in one and only 
one point. 


The student should show the reasonableness of this postulate by 
means of a figure. 


8. An angle can be bisected, and by one and only one line. 
9. Angles which have equal complements or equal supple- 


ments are equal. 


For example, if the complement of 24 is 22°, and the complement 
of Zy is also 22°, this means that 


a + 22° = 90° 

and y + 22° = 90°. 
Then x + 22° = y + 22°. Ax.5 
ac Ax. 2 


10. There is one and only one line which, passing through 
a given point, is perpendicular to a given line. 

Since a perpendicular to a line makes a right angle with it, and 
since we cannot, in the first of these 


figures, have Z2AOB=2ZAOC (Ax. 10), CB 
we cannot have two perpendiculars 
through O. 
If aline swings about P as a center, O Ae QR 


it may be assumed for the moment that 
there is only one position at which PQ is | tol. It is Shay proved 


later that this assumption is true. 
As the student proceeds he will find that some of the other postu- 


lates, assumed for the present as true, can also be proved. 
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98. Theorem. A statement which is to be proved is called 
a theorem. 

For example, it is stated in arithmetic that the square of the hypote- 
nuse of aright triangle is equal to the sum of the squares of the other 
two sides. This statement is one of the most important theorems of 
plane geometry, and we shall prove it later. 


29. Problem. A construction which is to be made so that 
it shall satisfy certain given conditions is called a problem. 


For example, it may be required to construct an angle equal to a 
given angle. This construction will be made in § 106. 


30. Proposition. The statement of a theorem to be proved 
or of a problem to be solved is called a proposition. 

In geometry, therefore, a proposition is either a theorem or a 
problem. We shall find that the first group of propositions is made 


up of theorems. After we have proved a number of theorems we shall 
solve some of the most important problems. 


31. Corollary. A statement that follows from another 
statement with little or no proof is called a corollary. 
For example, since we admit that all straight angles are equal, it 


follows as a corollary that all right angles are equal, since a right 
angle is half a straight angle. 


32. How Propositions are Proved. We have said that we 
are now about to prove our statements in geometry, and 
we shall first see what is meant by a proof. For this pur- 
pose we shall take a simple proposition concerning vertical 
angles, a term which we must first define. 


33. Vertical Angles. When two angles have the same 
vertex and the sides of one are prolon- 
gations of the sides of the other, these 
angles are called vertical angles. 


In the figure here shown, « and z are vertical 
angles, and so are w and y, 
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34. Study of a Figure. Suppose that we consider the 
question of vertical angles with respect to the figure here 
shown. Does there appear to be in the 


figure any other angle equal to x? If # 
so, which angle is it? 2 oe 
The amount of turning of the ray s 


OA about O to make the Zw is the 
same as the amount of turning of what other ray about O 
to make the Zz? 

Then how does the amount of turning necessary to 
produce any angle compare with the amount of turning 
necessary to produce its vertical angle? 

What does this lead you to infer as to the equality of 
x and z? as to the equality of any other vertical angles ? 

Let us now see how we can prove that any angle is equal 
to its vertical angle by referring to the axioms or postulates 
instead of considering the amount of turning necessary to 
produce the two angles. 

In the above figure, which angle is the supplement of 
both w and z? 

Then how does the supplement of x compare with the 
supplement of z? 

What does Post. 9 tell us with respect to angles which 
have equal supplements ? 

What can then be said about the equality of x and z? 

What other two angles in the figure are equal? 

Write and complete the following statement: 


If two lines intersect, the vertical ---. 

The student has now seen how to prove a proposition, not by trusting 
to appearances but by depending only upon a definition and a postu- 
late. The definition was that of the supplement of an angle (§ 18), and 
the postulate was Post.9 as mentioned above. In § 85 we shall show 
how this proof looks when stated more systematically and in proper 
geometric form. 
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Specimen Proposition. Vertical Angles 


35. Theorem. If two lines intersect, the vertical 
angles are equal. 


Given the lines AC and BD intersecting at O and forming 
4X, y, and z as shown. 


Prove that ree 
Proof. ety=ast.Z, $12 


because their arms extend in opposite directions so as to 
be in one st. line. 


Likewise, ytz2=ast.Z. $12 


*.y is the supplement of x and alsoofz. §18 
Ff die sum of two Aisa st. Z, each is called the supplement 
rf the other. 


wee, Post. 9 
because A which have equal complements or equal 
supplements are equal. 


36. Nature of a Proof. From § 85 it is seen that there are 
three steps in proving a theorem: (1) stating what is given 
(sometimes called the hypothesis), (2) stating what is to be 
proved (sometimes called the conclusion), and (3) giving the 
proof, each statement of which is supported by a definition, 
an axiom, a postulate, or a proposition previously proved. 


BOOK I 


RECTILINEAR FIGURES 


I. FUNDAMENTAL THEOREMS 


37. Congruent Figures. If two figures have exactly the 
same shape and size, they are called congruent figures. 

For example, the two triangles shown below (§ 38) are congruent 
(cén’gru-ent) figures, and are said to be congruent. Similarly, two 
circles with equal radii are congruent. 

If two figures can be made to coincide in all their parts, 
they are congruent figures. & 

By the parts of a figure we mean the sides, angles, and surface. 


38. Corresponding Parts. It is customary to letter the 
angles of a triangle by capitals arranged about the figure 
‘in counterclockwise order; that is, reading about the figure 


in the direction oppo- C Cc’ 

site to that in which ; ‘ 
the hands of a clock < 2 x 
move. A 7 B A! a B’ 


Exceptions to this custom are mentioned later,*as occasion arises. 


In the triangles shown above, A’ corresponds to A, B' cor- 
responds to B, C’' corresponds to C, a' corresponds to a, and 
so on; that is, these pairs of parts are respectively equal. 
It is therefore evident that 

In two congruent figures the parts of one figure are equal 
respectively to the corresponding parts of the other figure. 


Some writers speak of corresponding parts as homologous parts. 
21 
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39. Inference as to Congruent Triangles. When we examine 
two triangles we may easily infer certain facts relating to 
them. For example, as we look at these triangles, in which 
ZA=ZA', b=0,, and C 
c=c’', the triangles seem 
to be congruent. The 
question is: Are they 4 B 
necessarily congruent? : 

It aids the eye if we mark the equal corresponding parts 
in some such way as the one used in the above figures. 


In order to aid the beginner, in the figures of Book I the important 
lines used in the proofs are made heavier than the others and the 
important angles are appropriately marked. This scheme is not used 
after Book I. 

Teachers will see the objections to the use of colored crayons to 
designate corresponding parts except, perhaps, in the case of a few 
propositions. The student should early become familiar with the tools 
that he will actually use, the black lead pencil and the white crayon. 


To prove that the two triangles are congruent let us see 
if one triangle can be placed upon the other so as to coin- 
cide with it. To help us see this clearly we may, if we wish, 
cut two triangles out of paper. 

Suppose that AABC is placed upon AA'B'C’ so that the 
point A lies on the point A' and ¢ lies along c'; then where 
does the point B lie, and why? 

On what line does 6 then lie, and why ? 

Then where must C lie, and why? 

Having found where B and C lie, where does a lie? 

What have we now shown with respect to the coinciding 
of AABC with AA'B'C'? Are the triangles congruent? 

Complete the following statement: Jf two sides and the 
included angle of one triangle are equal respectively to two 
sides and the included angle of another, the triangles «++. 

The statement and formal proof are given in § 40. 


§§ 39, 40 FIRST CONGRUENCE THEOREM 23 


Proposition 1. Two Sides and Included Angle 


40. Theorem. If two sides and the included angle of 
one triangle are equal respectively to two sides and the 
included angle of another, the triangles are congruent. 


Given the AABC and A'B'C' with c=c', b=0', and 
de ray Vp 

Prove that A ABC is congruent to AA'B'C'. 

The plan is to place one upon the other and show that they coincide. 

Proof. Place AABC upon A A'B'C' so that A lies on A' and 
c lies along c', C and C’ lying on the same side of c’. Post. 5 

Then B lies on B’, 


because c is given equal to c’; 


6 lies along 0’, 
because ZA is given equal to ZA’; 


and C lies on C', 
because b is given equal to b’. 


Hence a coincides with a’. Post. 1 
One st. line and only one can be drawn through two distinct points. 


... AABC is congruent to AA'B'C', § 37 
by the definition of congruent figures. 


This method of proof is called the method of superposition. 
id 
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Exercises. First Congruence Theorem 


1, If ABCD is a square and P is the midpoint of AB, 
prove that PD =PC. 


The student should write the work in the following 3 
form: 
Given a square ABCD and P, the midpoint of AB. 
Prove that PRE PC: S lA 
Proof. AP=BP, Ay Page 
because P is given as the midpoint of AB. 
AD—BC. 
(Give the reason from § 15.) 
GES ay A) 5% 


(Give the reasons from § 15 and Post. 6.) 
Hence - -- (state what follows from § 40 and give the reason). 


oe POP Ce 
(Give the statement at the end of § 38.) 


When proofs are written on wide sheets of paper, some teachers 
require students to rule the page vertically in the center and to write 
the statements on the left side of the line and the full authority for 
each statement on the right side. Such an arrangement is sometimes 
convenient, although it is not as concise as the form suggested above, 
which is used in many standard textbooks. 


2. In this figure, if Z2A=ZB, if M bisects AB, and if 
AY =BxX, prove that MY= MX. C 


The student should begin the work as follows: YS xX 

Given 7A=/B, M bisecting AB, and AY = BX. PACs. 

Prove that MY=MX. a M - 

In the proof the student should see that he can show that MY=MX 
if he can show that AA MY is congruent to ABMX, and that he can 
show this if---, and so on. 

When two figures are arranged as above, with the corresponding 
letters of one in an opposite order from those of the other, it is much 
better to read one set counterclockwise and the other clockwise, as in 
the above statement, so as to have the letters correspond more clearly. 
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3. In the square ABCD the points P, Q, R, S bisect the 
consecutive sides. Prove that PQ=QR=RS=SP. 


In this case the student will save time by first 


proving that PQ = QR, beginning as follows: R Cc 
Given the square ABCD with P, Q, R, S bisecting 

AB, BC, CD, DA respectively. S Q 
Prove that PO=OR: 
In the proof show first that A Ie B 

PAWS 1s Crm) = 
then that PB BO OC —GCilee 
then that Vlas BVA GH. 


Then show that APBQ and QCR are congruent. 

What follows? 

It is now unnecessary to prove the other triangles congruent, 
for evidently this can be done in precisely the same way. Simply 
write, “‘ Similarly, the other A are congruent, and hence PQ=QR= 
RS=SP.’’ When such methods of shortening the proof are used, the 
student must be sure that the cases are exactly similar. 


_ 4, Prove that to determine the distance AB across a 
pond one may sight from A across a 
post P, place a stake at A’ making B 
PA'=AP, then sight along BP making 
PB'=BP, and finally measure A'B'. 


What is given? Whatis tobe proved? Write 
these statements and then write the proof. 


5. Show how to find the distance from a point P west 
of a hill to a point Q east of the hill, 


using the figure here shown. PLA PDQ 


State what measurements you would make 
on the ground. Then write the proof as in the ge P' 


preceding cases. f 
In all such cases of outdoor measurement the land on which the 


triangles are laid out is supposed to be a horizontal plane unless the 
contrary is stated. 
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6. In the square ABCD here shown, prove that AC = BD. 
Begin as follows: D C 


; "4 
Given the square ABCD. Der 
Prove that AC=BD. 

The student should attack such an exercise by WA | 
{\ 
A 


saying to himself, ‘tI can prove this if I can prove 
that; I can prove that if I can prove this third 
statement,’’ and so on until he finds something already proved. He 
should then reverse this process, beginning with a proposition already 
proved and ending with the statement to be proved. 


7. Inthis figure, AD=BC andeachis D, rod 
| to AB. What do you infer as to the 
relation of AC to BD? Prove the cor- peek E 
rectness of your inference. 


8. If ABCD is a square, if P bisects CD, and if BM is 
made equal to AN, as shown in the figure, D P 


Cc 
prove that PM = PN. 7 N 
‘““T can prove this if I can prove that A—— 
and —— are congruent. I can prove that these tri- N M 


angles are congruent if ---.”’ 

9. In this figure, AD = BC, each is L 
to AB, and DP=CQ. What do you infer 3 5 
as to the relation of Z APB to Z BQA and es 
of PB to QA? Prove the correctness of 4@&——> 
your inferences. 


10. Suppose that it is known that a machine will work if 
three certain wheels properly gear into three other wheels. 
Suppose also that it is given that wheel a gears into wheel 
a', that it can be shown that wheel 6 gears into wheel b’, 
and that it can then be shown that wheel ¢ gears into 
wheel c'. What follows? 


An occasional exercise like Ex. 10 may be discussed for the sake of 
training in transferring geometric reasoning to other lines. 


A B 


by 
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41. Inference as to an Isosceles Triangle. If we examine 
the isosceles triangle here shown, we can make several 


inferences; among them, that if A 
b=c, 
then LBZ C, : 


We have proved one proposition about 
equal angles (§ 35), but since that re- 
ferred to vertical angles it does not help us in this case. 

We have also proved a proposition about congruent tri- 
angles (§ 40), and congruent triangles have equal angles. 
Possibly we may be able to prove that 7B=ZC if we can 
divide AABC into two congruent triangles. 

In order to use § 40 we must have two sides and the 
included angle of one triangle equal respectively to two 
sides and the included angle of another triangle; hence in 
order to get two equal angles let us suppose that AWM is 
the bisector of 2A (Post. 8). 

Dotted lines are used to represent such auxiliary lines as AM, which 


are inserted to assist in a proof. In speaking of 2A we mean the 
ZBAC, the original angle at A, and so in all similar cases. 


Then in AABM and ACM, what is the relation of c to 6? 

What is the relation of x to y with respect to size ? Why? 

What line is the same in AABM and ACM; that is, what 
line is common to the two triangles? 

Then what parts of one triangle have you shown to be 
equal to what parts of the other triangle? 

What can you say as to the congruence of the triangles, 
and what is the authority for the statement? 

What can you say as to the relation of ZB to ZC? 

Complete the following statement: 


In an isosceles triangle the angles opposite the equal -:-. 
The statement and formal proof are given in § 42. 


C 
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Proposition 2. Isosceles Triangle 


42. Theorem. In an isosceles triangle the angles oppo- 
site the equal sides are equal. 


Given the isosceles A ABC with b=c. 
Prove that LA Bs=Eee 


The plan is to prove two A congruent. 


Proof. Let p be the bisector of ZA, meeting BC at M. 
Then in AABM and ACM it is given that 


c= bh 
Further, eo = Y; §11 
because p bisects ZA; 
and side p is common to both A. 
.. AABM is congruent to AACM. § 40 


If two sides and the included Z of one A are equal respectively to 
two sides and the included Z of another, the A are congruent. 


MS 2B=2G § 38 
because they are corresponding parts of congruent figures. 
43. Corollary. An equilateral triangle is A 
equiangular. 
Because b=c (why?), what follows as to ZB y, b 


and ZC? Why? Now prove that ZA=/B. 
Why does ZA=2C? Write out the full proof. B a C 
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Exercises. Isosceles Triangles 


1. In this figure, which represents the cross section of 
the attic of a house, it is known that the rafters AB and 
AC are equal in length. Suppose that A. 
we find by measuring that 2 B= 32°, 
but that we cannot conveniently pass B Se 
the partition p so as to measure ZC. 

If we are told that ZC = 30°, is the information correct? If 


not, what should it be? Upon what proposition does the 
answer depend ? 


D 
2. This figure represents a square ABCD 
separated into two triangles by the diagonal 
AC. Which angles are equal by § 42? 4 


3. In the same figure state which triangles 
are congruent by $ 40, and hence show what other angles 
are equal besides those found in Ex. 2. 

4. In this figure BA=BC and ZDBA=ZDBC. Prove 
that A ACD is isosceles. 


D 
We can prove that DA=DC if we can prove 
that AABD and CBD are congruent. We can A C 
prove this if we can show that § 40 applies. 


5. In Ex. 4 prove that DB is | to AC. B 

What two angles must be proved equal? In order to prove them 
equal, what two triangles must be proved congruent? 

6. In this figure PB=PC and ZAPB=ZAPC. Prove 
that A ABC is isosceles. A 


7. In the figure of Ex. 6 make a list BO 
of all the pairs of equal angles and Eines 
prove each statement. 

The teacher will find it helpful to introduce such exploring exercises 


in connection with various other figures, letting the student discover 
for himself as many relations as possible. 


(Gy 
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Proposition 3. Two Angles and Included Side 


44. Theorem. If two angles and the included side of 
one triangle are equal respectively to two angles and the 
included side of another, the triangles are congruent. 


Given the AABC and A'B'C' with ZA=ZA', ZC= ZC’, 
and b=0D!. 


Prove that A ABC is congruent to AA'B'C’. 
The plan is to place one upon the other and show that they coincide. 


Proof. Place AABC upon AA'B'C'so that A lieson A'and 
b lies along b’, Band B' lying on the same side of B’. 


Post 5 
Then 


C lies on C', 
because b is given equal to b’; 


c lies along c’, 


because ZA is given equal to ZA’; 
and a lies along a', 


because ZC is given equal to ZC’. 


Since B is on @ and ¢, it lies on both a' and ec’, and so 
lies on B', the point common to both a! and ec’. Posted 
Two st. lines cannot intersect in more than one point. 

.. AABC is congruent to AA'B'C', 


§ 37 
by the definition of congruent figures. 


§ 44 SECOND CONGRUENCE THEOREM 31 
Exercises. Second Congruence Theorem 


1. In this figure, ABCD is a square, M is the midpoint 
of AB, and the lines MX and MY make p C 
equal angles with AB. Provethat A AMY is 
congruent to ABMX. What other angles in 
these triangles are equal, and why? IN /. 

2. In the figure of Ex. 1, what angles of et 
the figure MXCDY are equal, and why? D 


3. In this figure, ABCD is a square and é Fe 
p=q. What other angles in the two tri- * Yy 
angles are equal? What lines are equal? eed 

— + 


Give the necessary proofs. A B 

4. Wishing to measure the distance across a river, some 
boys sighted from A toa point P. They 
then laid off the line AB at right 
angles to AP. They placed a stake at 
O, halfway from A to B, and laid off 
a perpendicular to AB at B, placing a 
stake at C on this perpendicular in 
line with O and P. They then found 
the width by measuring BC. Prove that they were right. 

5. In this figure, ZDCB=ZCDA, p thes & 
ZCBD=ZDAG, and BC= AD. Find the ee 
other equal lines and equal angles and _ /% &\ 

A B 
prove that they are equal. 

6. Wishing to find the distance BX, some boys measured 
ZXAB and ZABX with the aid of a protractor. They 
then made 4X'AB=ZXAB and 
ZABX'=ZABX, thus laying off the 
AABX'. How could they then find 
the distance BX? On what proposition 
does this depend? 
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45. Another Inference. Suppose that these two triangles 
have the three sides of one equal respectively to the three 


sides of the other; that is, sup- B 
pose that a 
Ct 
C. 
b=0; c 
and C=Ce. b 


From the appearance of the 
triangles, what do you infer as 
to their congruence? Would you draw the same inference 
if the three angles of one were equal respectively to the 
three angles of the other? Draw figures to illustrate your 
answer to this second question. 


A 


46. Examination of the Inference. In the case in which 
the three sides of one are equal respectively to the three 
sides of the other, see if you can give a satisfactory proof 
by placing AABC upon AA'B'C', as in §§ 40 and 44. If not, 
try placing them as here shown, and 
drawing CC’. 

Because b = b', what kind of trian- 
gle is AAC'C? Therefore what two 
angles of AAC'C are equal? 

Because a=a’, what kind of tri- 
angle is ABCC'? Therefore what two 
angles of ABCC' are equal? 

By adding two pairs of equal angles, what can now be 
said as to the equality of ZC and 4C'? 

Can you now prove that A ABC and A'B'C' are congruent 
by using § 40? Try it. 

Complete the following statement: 


If the three sides of one triangle are.... 
The statement and formal proof are given in § 47, 


§§ 45-47 THIRD CONGRUENCE THEOREM 33 


Proposition 4. Three Sides 


47. Theorem. Jf the three sides of one triangle are 
equal respectively to the three sides of another, the 
triangles are congruent. 


Given the AABC and A'B'C' with a=a', b=0', andc=c'. 


Prove that A. ABC is congruent to AA'B'C'. 
The plan is to adapt the figure to § 40. 


Proof. Place AABC so that A lies on A’, ¢ lies along c’, 


and C and C’ lie on opposite sides of A'B’. Post. 5 
Then B lies on B’, 
because cis given equal to c’. 

Drawing CC', we have b=0', Given 
and hence VOCE Ap ZOCA': § 42 
In an isosceles A the A opposite the equal sides are equal. 

Also, since “=e, Given 
we have PETA. = 2B Ce. § 42 
Adding, WGA 4p CCC CA +2 B'CEs Ax. 1 

that is, ZB'G'A' =ZB'CA'(ZBCA). 
.. AABC is congruent to A.A'B'C’. § 40 


(State the theorem of § 40 as the reason.) 
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Exercises. Third Congruence Theorem 


1. By placing three rods of different lengths end to end 
so as to form a triangle, can you form triangles of different 
shapes and sizes? State the reason for your answer. 


2. Three iron rods are hinged at their ends as shown 
in this figure. Is the figure thus formed 
rigid; that is, can its shape be changed? 
State the reason. 
This explains the statement that a triangle is 
determined by its three sides. It also explains why 


the triangle is called a unit of rigidity in bridge building and in steel 
construction generally. 


3. Four iron rods are hinged at their ends as shown 
in this figure. Is the figure thus formed 
rigid? If not, state two ways in which, by 
the addition of a single rod in each case, it 
can be made rigid. Upon what theorem 
does this depend ? 


4, Draw a rough figure of the framework of a bicycle. 
State the reason or reasons for its rigidity. 


5. The following method is sometimes used for bisect- 
ing an angle by the aid of a carpenter’s square: Place the 
square as here shown so that the edges 


shall pass through A and B, two points g 
equidistant from O on the arms of the 9 P 
given ZAOB, and so that AP=BP. 

Then draw OP. Show that OP bisects A 


ZAOB. 


6. If in an equilateral triangle a line is drawn from one 
vertex to the midpoint of the opposite side, prove that 
the triangles thus formed are congruent. 
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Exercises. Review 


1. In the AABC it is given that AC=BC and that CM 
bisects ZC. Prove that CM bisects AB. 


Draw the figure and say: ‘tI can prove this if I can prove ---.’’ 
Always attack an exercise in this way unless you see the proof at once. 


2. In this figure it is given that AM bisects 7A and is 
also | to BC. Prove that AABC is - 


isosceles, 
““T can prove this if I can prove---. But Siriign ieee 


I can prove that by § 44.’’ Now reverse the MM 
reasoning and write out the proof. 


3. In the AABC it is given that ZA =ZB, that P bisects 
AB, and that ZNPA=ZMPB. Prove C 


‘*T can prove this if I can prove that AAPN 
is congruent to ABPM. I can prove that be- 4 B 


cause I know:--:”’ P 


4. In this figure it is given that ZA=ZA', ZB=27B', 
and AB=4A'B'. Find the other equal _, : 


lines and equal angles and prove that B A 
they are respectively equal. y 5 
Remember that BCA’ is one of the angles. 


5. Prove that a perpendicular to the bisector of an angle 
forms an isosceles triangle with the arms of the angle. 


6. In the AABC it is given that ZA=ZB and that 


AP and BQ are so drawn that ZQBA = C 

ZPAB. Prove that BQ =AP. Q P 
**T ean prove this if I can prove that AABQ ie OS 

is congruent to ABAP. I can prove that because Ze 


I know-:--.”’ A B 


7, In the figure of Ex. 6 state the pairs of equal angles. 
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8. In the square ABCD it is given that the point 

P bisects CD and that PQ and PR are so drawn that 

ZQPC=50° and ZRPQ=80°. Prove that > ets 
BO Pie 

If ZQPC=50° and ZRPQ=80°, express ZDPR 

in degrees. R 


In the ADRP and CQP, what parts are respec- : 
tively equal, and why? A 2 


9. Prove that the line from the vertex of an isosceles 
triangle to the midpoint of the base is perpendicular to 
the base. 


10. In this section of a support for a heavy 
tank are both cross braces necessary for rigid- 
ity ? State the reason. If either one is unnec- 
essary, state a reason for having it there. 

11. Two isosceles triangles of different heights are con- 
structed on the same base and on the same side of the 
base. Prove that the line through their vertices bisects 
the angles at the vertices. 

12. In Ex. 11 suppose that the two isosceles triangles 
are constructed on opposite sides of the base. 

13. In this figure a=a’ and b=0’. a’ 


Prove that- P= 7 Q: Q 
Hereafter the words ‘prove that’’ will : 
usually be omitted in the exercises when itis P 


obvious that a proof is required. i? 


SK 


ZaaSN 


ao 


14. If from any vertex of a square there are drawn line 
segments to the midpoints of the two sides not adjacent 
to the vertex, these line segments are equal. 


15. From the propositions already studied write a com- 
plete statement of the different conditions under which 
two triangles are congruent. 
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48. Exterior Angle. The angle included by one side of a 
plane figure and an adjacent side produced is called an 
exterior angle of the figure. C 

For example, e is an exterior angle of this 
triangle, and 4A and C are called the non- < 

; ; ‘ A Stasi 
adjacent interior angles. B 


49. Inference as to an Exterior Angle of a Triangle. In the 
above figure, which seems the larger, e or ZA? eor ZC? 

Would your inference be the same if the triangle were 
of a different shape? Consider, for exam- C 


ple, this figure. SA 
We have thus far found no way of 4 Bes 
B 


proving one angle greater than another, 
but we have found five different ways of proving one angle 
equal to another, one in § 35, three in $$ 40, 44, and 47, and 
one in § 42. 

Consider this figure, supposing that M bisects BC, that 
AM is drawn and is then produced so that MP= AM, and 
that BP is then drawn. 


Can you prove thatA BPM and CAM - yP 
are congruent? If so, can you prove oe / 
that ZPBM=ZACM? cf 

Then is 7XBC>ZPBM? By what A aE 


axiom is this true? 

Then how is 7 XBC related to ZC, and why? 

Can you bisect AB and proceed in a similar way to 
show that ZABY —>ZA? Ifso,is ZXBC>ZA? 


The student has now reached the point where he may profitably 
read the model proofs without such assistance as is given above. 

The model proofs should not be memorized, but the student should 
read the theorems and try to work out the proofs for himself before 
reading those given in the book. The complete statement of the authority 
for each step of the proof should always be given, particularly where 
the reference number alone is quoted. 
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Proposition 5. Exterior Angle of a Triangle 


50. Theorem. An exterior angle of a triangle 1s greater 
than either nonadjacent interior angle. 


Given the exterior 72 XBC of the A ABC. 


Prove that ZXBC>ZC and that ZXBC>ZA. 
The plan is first to prove that ZX BC >ZPBM, whichis equal to ZC. 


Proof. Let M bisect BC. Post. 7 
Draw AM and produce it so that MP =AM. Posts. 1,2 
Draw ne Post. 1 


The line BP lies within ZXBC, for otherwise AP would 
cut either AX or AC produced in two points, which is 


impossible. Post. 1 
Then ZBMP=ZCMA, § 35 
BM =CM, §11 

and MP was made equal to MA. 
Then ABPM is congruent to ACAM, § 40 
and hence ZLLPBM = ZC. § 38 
But ZXBC>ZPBM, Ax. 10 
and hence LAXBC > LG. Ax. 5 


Similarly, ZABY > ZA, and hence ZXBC>ZA. 
Draw the figure and give the proof of this last statement. 
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51. Parallel Lines. Lines which lie in the same plane and 
cannot meet however far they may be produced are called 
parallel lines, or simply parallels. 

For example, AB and CD are parallel lines. We may think of them 
as edges of a strip of ribbon. Since the stu- D 
dent is already familiar with such lines, further 
illustrations are not necessary. B 

It should be observed that in the above definition the words ‘in 
the same plane’’ are essential. 


52. Postulate of Parallels. Through a given point only 
one line can be drawn parallel to a given line. 


From this figure it seems quite evident that only one of the lines 
that can be drawn through P can be parallel to 1. 


While this is no proof for the statement, we are —— 
(2 eee 


probably as convinced that the statement is true 
as we should be if a proof were given. 


53. Transversal. A line which cuts two or more lines is 
called a transversal of those lines. 
For example, in the figure below, the line ¢ is a transversal of the 


lines J and l’. 


54. Angles made by a Transversal. In the figure given 
below, it is customary to give special names to certain 


angles, as follows: t 
a, b, c', d' are called exterior angles; 1 Aer 
a', b', c, d are called interior angles; ie 


d and b' are called alternate angles, q 
and similarly for ¢ and a'; 

a and a’ are called corresponding angles, and similarly 
for b and b', for c and c', and for d and d’. 


Sometimes a and ¢’ are called alternate exterior angles, and similarly 
for b and d’; but when alternate angles are mentioned we ordinarily 
mean alternate interior angles; that is, we ordinarily mean d and 0’ 
or c and a’, and this should be understood in every case unless the 


contrary is stated. 
td 
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Proposition 6. Condition of Parallelism 


55. Theorem. When two lines in the same plane are 
cut by a transversal, if the alternate angles are equal, 
the two lines are parallel. 


Given the two lines /, /' in the same plane and cut by the 
transversal ¢ so that the alternate 4x and y are equal. 


Prove that land l' are ll. 


The plan is to suppose that the lines meet and then to prove that 
this supposition leads to an impossible result. 


Proof. If / and l' are not || they will meet if produced. 
Suppose that they meet at P. 
Then y > &. § 50 


An exterior Z of a A > either nonadjacent interior Z. 


But this is impossible, because it is given that y =~. 
Thus the supposition that J and l' are not || leads to an 
impossible result, and hence / and l' are Il. § 51 


56. Indirect Proof. In the above case we have assumed 
the proposition to be false and have shown that this leads 
to an impossible result. We then conclude that the proposi- 
tion must be true. Such a proof is called an indirect proof. 

Since the proof excludes all possibilities other than the one stated in 


the proposition, it is also called a proof by exclusion. It was formerly 
known as the Reductio ad absurdum, the ‘* reduction to an absurdity.”’ 


§§ 55-60 PARALLEL LINES 41 


57. Corollary. Two lines in the same plane perpendicular 
to the same line are parallel. 


Draw the figure. What 4 in the figure are equal and why? Then 
by what authority can it be said that the lines are ||? 


58. Corollary. Two lines in the same plane parallel to a 
third line are parallel to each other. 


It is given that the lines « and y are both , a 
ll to the line J. y Pe =P 
Then if x and y are not Il, suppose that 
they meet at P. If this were possible, how many lines should we have 
through P |l tol? How does § 52 apply ? 


59. Corollary. When two lines in the same plane are cut 
by a transversal, of two corresponding angles are equal or 
uf two interior angles on the same side of the transversal 
are supplementary, the lines are parallel. 


Draw the figure and show that if two corresponding 4 are equal 
or if two interior 4 on the same side of the transversal are supple- 
mentary, two alternate 4 must be equal, and that § 55 then applies. 


60. Application. In order to draw a line parallel to a 
given line / and passing through a given point P, a drafts- 
man often uses a celluloid triangle, as here shown. He 
lays the hypotenuse along the given 
line J, places a ruler r along one of 
the sides, and slides the triangle 
along the ruler until the hypotenuse 
passes through P. He then draws 
a line l' along the hypotenuse. 

Using this construction, draw a line through a given 
point and parallel to a given line. State the authority 
upon which this construction depends. Could another side 
be used instead of the hypotenuse? Has the side any 
advantage over the hypotenuse? What other instrument 
besides a triangle could be used for this purpose ? 
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Proposition 7. Parallels cut by a Transversal 


61. Theorem. If two parallel lines are cut by a trans- 
versal, the alternate angles are equal. 


Given AB and CD, two || lines cut by the transversal XY in 
the points M and N respectively. ° 


Prove that ZAMN=ZDNM. 


The plan is to use an indirect proof. 


Proof. Suppose that Z AMN is not equal to ZDNM, but 
that a line PQ through M makes ZPMN= ZDNM. 


Then PQ is ll to CD. § 55 

But this is impossible, § 52 
because AB is given as || to CD. 

Hence ZAMN=ZDNM. 


62. Corollary. Jf two parallel lines are cut by a trans- 
versal, the corresponding angles are equal. 
Show that this depends only upon §§ 35 and 61. 


63. Corollary. [If two parallel lines are cut by a trans- 
versal, the two interior angles on the same side of the 
transversal are supplementary. 

Show that this depends only on § 61 and certain definitions. 


As a special case, if a line is perpendicular to one of two 
parallel lines, it is perpendicular to the other also. 
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Exercises. Parallel Lines 


1. If two parallel lines are cut by a transversal, the 
alternate exterior angles are equal. 

Exercises which are printed in italics are given as corollaries in 
some textbooks, and should, therefore, be solved by all students. They 
are not, however, essential to the logical sequence of the propositions, 
as they are not used in the proof of subsequent theorems. 


2. This figure shows two parallel lines Loka 
cut by a transversal. Find the values of y 
x, y, 2, and w, given that a= 73°; given y 
that a = 78°. 2 


3. Crossarms for electric wires are usually at right angles 
to the poles. What properties of parallels are illustrated 
by several cross arms on one pole? 

4. In this figure three parallel lines 
are cut by two transversals, and certain 
angles are formed as shown. Find the 
values of w, y, z, and &. 

5. A man who is walking southward changes his direc- 
tion to northwest. Through how many degrees does he 
turn? If he wishes to walk southward again, through 
how many degrees must he turn? Draw a figure showing 
the man’s course, and state the proposition upon which 
your second answer depends. 


6. In this figure each angle of AABC is 60°, A 

and two lines have been drawn parallel to the 

base. What can you discover as to the number 

of degrees in each of the other angles? fe 
7%. Two parallel lines are cut by a transversal so as to 

make the number of degrees in one interior angle 2% and 

the number of degrees in the other interior angle on the 

same side of the transversal x — 30. Find the value of x. 
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Proposition 8. Angles with Parallel Arms 


64. Theorem. If two angles have their arms respec- 
tively parallel, and if both pairs of parallels extend 
either in the same direction or in opposite directions 
from the vertices, the angles are equal. 


Given A x and z with arms respectively || and extending 
in the same direction from the vertices, and 4 a and d with 
arms respectively || and extending in opposite directions. 


Prove that ve =zand thata=d. 


The plan is to show that the 4 in each pair are equal to the same 
Z or to equal 4. 


Proof. Produce the arms of x and z, thus forming Zy. 
Then Sy =e. § 62 


Produce the arms of a and d, and suppose that ¢ is a 
transversal || to QR and Q'R', thus forming 4b and c. 


Then a=b, § 61 
and b=c=d. § 62 
= de Ax. 5 


It should be pointed out to the class that the arms of two angles 
extend in the same direction if the arms are on the same side of a line 
joining the vertices; otherwise they extend in opposite directions. 
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Exercises. Review 
1. If two angles have their arms respectively parallel, 
and if one pair of parallels extend in 
the same direction from the vertices ( ee 
and the other pair extend in opposite 
directions from the vertices, the angles are supplementary. 


2. A bricklayer often uses the instrument here vi 
shown for determining whether a wall is vertical. 
When the plumb line lies along a line that is par- 
allel to the edge AB, he knows that the wall is 
vertical. State the geometric principle involved. 


3. In Ex. 2 state the principle involved in the ? 
assertion that the plumb line is perpendicular to aaa 
each line formed by producing the horizontal lines of the 
brickwork. 


4. In order to draw a line perpendicular to a given line 
l and passing through a given point P, a draftsman lays 
one side of his triangle along x, ,’ 1 
the given line J, places a ruler r 
along the hypotenuse, and slides 
the triangle along the ruler until 
the other side passes through P. 
He then drawsa linel'along this side. Using this construc- 
tion, draw a line through a given point perpendicular to a 
given line. Explain in full. 

5. In this figure, given that M bisects AB and CD, DEGye 
that AC is |l to DB. 


AC is || to DB if what two alternate angles 
are equal? 

These two angles are equal if what two tri- 
angles are congruent? < 

These triangles are congruent according to what propositions 
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Proposition 9. Sum of the Angles of a Triangle 


65. Theorem. The sum of the three angles of a triangle 
is a straight angle. 


---—--z-- 


ets 


Given the AABC with 4x, y, and z. 


Prove that etet+ty=ast.Z. 


Lettering the figure as above, the plan is to show thatz=2’, y=y’, 
and @’+2+y’=ast.Z. Then it will follow thatx+z2+y=ast. Z. 


Proof. Suppose » to be a line through C || to AB and 


making 42’ and y' as shown. § 52 
Then s'tz+y'=ast. Z. § 12 
But oxo 

and y'=y. § 61 
Substituting w and y for their equals, x' and y', we have 

etety=ast. Zz. Axes 


This proposition is one of the most important in geometry. 

In the first statement in the proof it is evident that Ax. 10 is also 
involved, but such minor statements are usually omitted in proofs. 
The teacher should call attention to them if necessary. 

For students who have never seen this proposition before, it is an 


interesting exercise to infer its truth by cutting off and fitting together 
the three angles of a paper triangle. 
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66. Corollary. An exterior angle of a triangle is equal to 
the sum of the two nonadjacent interior angles. 


For w+y=a st. Z, C 
and ZA4+2ZC+y=ast.Z. ° 
- ZA+2ZC+y=a24+y. a 
Subtracting y, we have A os == XG 


ZA+LZC=2. 
By subtracting ZC we see that ZA=x2—ZC. 


_ 67. Corollary. If two angles and a side of one triangle are 
equal respectively to two angles and the corresponding side 
of another triangle, the triangles are congruent. 


If the 4 of one are 2, y, z, and the & of the other are a, y, z’, then 
aety+tz=ast.Z 


and ert+tyt+z=ast.Z, § 65 
and hence etyte=uex+yt2’. Ax. 5 
eee Ax. 2 

Hence, whatever side is taken, the A are congruent. § 44 


- 68. Corollary. Jf the hypotenuse and an adjacent angle 
of one right triangle are equal respectively to the hypote- 
nuse and an adjacent angle of another, the triangles are 
congruent. 

Consider the figures here shown, in which AABC and A’B’C’ are 
rt. Awith ZA =2ZA’ and AC=A’C”. 


Since the rt. A are also equal (Post. 6), C C 
the third 4 must be equal (§ 65). 
We then have 
iL 
VL I Vimo a NG A! iB A iB’ 


and LO SPAG 


Hence the A are congruent by § 44. 
It should be observed that this is really a fourth congruence theorem, 
but it follows so easily from § 65 as to be properly a corollary of this 


proposition. 
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Exercises. Angles of a Triangle 


1. If two triangles have the sum of two angles of one 
equal to the sum of two angles of the other, even though 
the angles themselves are not respectively equal, the third 
angles are equal. 

2. An equiangular triangle is also equilateral. 


3. The sum of the two acute angles of a right triangle 
is 90°. : 


4. In a draftsman’s triangle, Z Bis a 
right angle, as shown in the figure, and AA, 
ZA is often 30°. In such a triangle how , B 


many degrees are there in ZC? 


5. If one angle of a right triangle is 37°, what is the 
size of the other acute angle? 


6. Prove § 65 by using the figure in § 66 and supposing 
that a line is drawn from B || to AC. 


7. In this figure, what single angle 
is equal to a+c? To the sum of what 
angles is gq equal? To the sum of what 
angles is 7 equal? From these three 
relations of angles find the number of degrees in p+q+™7”. 


8. In finding the distance of the moon from the earth 
it is necessary to find first the 7AMB _-£)M 
at the center of the moon, AB being A\e-3-a77 a 
the diameter of the earth. Obser- 
vations are taken on opposite sides 
of the earth at A and B. Thelines #\ 
l, l' are ll, and Aa and 6 are accurately measured. Show 
how, from a and 6, to find 7M. 


Such figures are necessarily distorted. The details of the finding of 


4a and 6 need not be considered. We simply assume that these 
angles can be measured. 
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Proposition 10. Equal Sides of a Triangle 


69. Theorem. If a triangle has two equal angles, the 
sides opposite these angles are equal. 


Given the A ABC with ZB=ZC. 


Prove that CC 

The plan is to prove two A congruent. 

Proof. Suppose that AP is L to BC. Post. 10 

The sum of the 4 of A ABP is equal to the sum of the 
4 of AACP. § 65, Ax.5 

Then, since Vier Semel Given 
and ZAPB=ZAPC, Post. 6 
we have ZBAP=Z CAP. Ax, 2 

Then, since APis common to both A, 

AABP is congruent to AACP, § 44 

and hence b=, § 38 


70. Converse Theorems. It should be observed that § 69 is 
closely related to § 42. When two theorems are so related 
that what is given in one is what is to be proved in the 
other, either theorem is said to be the converse of the other. 

Because a theorem is true it does not always follow that 
its converse is true. 
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Proposition 11. Congruence of Right Triangles 


71. Theorem. If the hypotenuse and a side of one right 
triangle are equal respectively to the hypotenuse and a 
side of another, the triangles are congruent. 


Given the rt. AABC and A'B'C' with hypotenuse AC = 
hypotenuse A'C’ and with BC=B'C'. 
Prove that A ABC is congruent to AA'B'C'. 
The plan is first to prove that 2 A= A’ and then to apply § 68. 
; Proof. Place AABC next to AA'B'C' so that BC lies 
along B'C', B lies on B', and A and A’ lie on opposite sides 


of BCs Post. 5 
Then C lies on C', 

because BC is given equal to B’C’. 

Also, e+y=ast.Z, pg 

and hence BA lies along A'B' produced. §18 

Since AAA'C is isosceles, §19 
because AC is given equal to A’C’, 

we have LA=Z A. § 42 

.. AAB'C' is congruent to AA'B'C', § 68 

and AABC is congruent to AA'B'C'. Ax. 5 


Since the corresponding parts of congruent triangles are equal, 
Ax. 5 may be applied to congruence. 
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Exercises. Review 


1. The accuracy of the right angle of a draftsman’s 
triangle may be tested by first draw- 
ing a line along the side BC with the 
triangle in the position ABC on a ba 
line AA', and then drawing a line 
along BC with the triangle in the position A'BC. State the 
geometric principle involved. 


2. Given that the arms of these angles _a pelem 
are respectively parallel, prove that d b ee 
is supplementary to a, to 6, and to c. 


3. The ancient kind of leveling instrument here shown 
consists of an isosceles right triangle. A 


When the plumb line cuts the mid- 
point M of the base BC, the line BC 
is level. State the geometric principle p 7 C 


involved. 

4, If a ray of light LP strikes a mirror OP at P, it is 
reflected along a line PP’ in such a way that ZQPL= 
ZQPP', QP being | to OP. If P’isa point L 
on a mirror OP' which is perpendicular to 7 g es > > p' 
the first mirror, the ray is similarly re- 
flected in a line P'L', QP' being _L to OP’. BP 
Find all the acute angles in the figure in terms of 7 and 
show that P'L' is ll to PL. 

5. Consider Ex. 4 when 70 = 60°; when 20 = 30°. 


6. Prove that if the ls PM, PN from the B 
point P to the sides of an Z AOB are equal, NX 5 
the point P lies on the bisector of Z AOB. 

Write the general statement of this theorem 0 me 
without using letters as is done here. 


O 
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7. A method of finding the distance of a ship off shore 
requires the use of a large wooden isosceles triangle. First 
stand at 7 and sight along the sides of 
the vertical angle of the triangle to the 
ship S and along the shore on a line TA. 
Then from a point P on TA sight to T 
and S along the sides of a base angle of T 7 \ p 
the triangle. Then TP=TS. Explain why 
this is true and show how the distance BS from the shore 
to the ship can be found. 


8. ABCD is a square and M is the midpoint of AB. 
With M as center an arc is drawn, cutting BC at P and 
AD at Q. Prove that AMBP is congruent to p 


Cc 
AMAQ, and write the general statement of Q P 
this theorem without making use of letters ~ 3 
as is done here. Ny } 

B 


This statement should read, ‘‘If an are drawn A UM 
with the midpoint of one side of a square as center 
cuts the two adjacent sides, then the triangles cut off by,’’ and so on. 


9. Prove that if the perpendiculars from the midpoint 
M of the base AB to the sides of the AABC are equal, 
then ZA=2ZB. What then follows as to 
the sides AC and BC? Write the gen- 
eral statement of this theorem without 
referring to a special figure. 


10. Suppose that OYis | toOX. Witho y 
as center an arc is drawn cutting OX at A 
and OYat B. Then with A as center an are 
is drawn cutting OY at P, and with Bas 
center and the same radius an arc is drawn 
cutting OX at Q. Prove that OP= OQ. ! 

What triangles are congruent by § 71? 


G 
Q ig 
A a B 
ak 
By 
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72. Quadrilateral. A rectilinear figure of four sides is 
called a quadrilateral. A quadrilateral is called 


a trapezoid if it has two sides parallel; 
a parallelogram if it has the opposite sides parallel. 


If nonparallel sides of a trapezoid are equal, the figure is said to be 
isosceles. In a trapezoid or a parallelogram the side parallel to the base 
is called the upper base, the base being then called the lower base. 


mea 2/ ee) // 


Trapezoid Parallelogram Rectangle Rhombus 


A parallelogram is called 


a rectangle if its angles are all right angles; 
a rhombus if its sides are all equal. 


73. Distance. The length of the line segment from one 
point to another is called the distance between the points. 

The length of the perpendicular from an external point 
to a line is called the distance from the point to the line. 

The length of a perpendicular from one parallel line to 
another is called the distance between the parallels. 


74. Height or Altitude. The length of the perpendicular 
between the bases of a parallelogram or a trapezoid is 
called the height or the altitude of the figure. 

The length of the perpendicular from the vertex of a 
triangle to the base is called the height or the altitude of 
the triangle. 

For brevity the perpendicular itself, instead of its length, is often 


called the altitude. The term ‘‘ altitude ’’ is commonly used in school ; 
the term ‘‘height’’ is commonly used in ordinary conversation. 


75. Diagonal. The line segment joining two nonconsecu- 
tive vertices of any figure is called a diagonal of the figure. 


. 
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Proposition 12. Opposite Parts of a Parallelogram 


"6. Theorem. The opposite sides of a parallelogram 
are equal and the opposite angles are also equal. 


Given the (J ABCD. 


Prove that BC=AD and AB=DC, 
and also that ZB=ZDandZA=ZC. 


The plan is to prove two A congruent. 


Proof. Draw the diagonal AC. : Post. 1 
Since es=o2'.y=y', and AC=AC, § 61, Iden. 
then AABC is congruent to ACDA. § 44 
—. BG=AD AB=DC and 2 b=2 0, § 38 

Adding equal A, AA sv C. Ax. 1 


77, Corollary. A diagonal divides a parallelogram into 
two congruent triangles. 


78. Corollary. Segments of parallel lines cut off by par- 
allel lines are equal. 


79. Corollary. Two parallel lines are everywhere equally 
distant from each other. r B 

If AB and CD are ll, what can be said of _Is on es 
drawn from any points in AB to CD (§ 78), and ' 
hence from all points? ; D 
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Proposition 13. First Criterion for a Parallelogram 


80. Theorem. Jf the opposite sides of a quadrilateral 
are equal, the figure is a parallelogram. 


Given the quadrilateral ABCD with BC=AD and AB=DC. 


Prove that the quadrilateral ABCD is a C). 
The plan is to prove that x= a’ and y=y’ by congruent A, and then 
to apply § 55. 


Proof. Draw the diagonal AC. Post. 1 
In the two A it must now be shown that x=’ and y= y’. 
Since BG=AD 
and AB= DO, Given 
and since AC= AG Iden. 
we see that AABC is congruent to ACDA. § 47 
a ae § 38 
whence AB is ll to DC. § 55 
Also, y=y'; § 38 
whence BC is |l to AD. § 55 
Hence the quadrilateral ABCD is a L/. § 72 


The proposition is sometimes stated with reference to convex 
quadrilaterals; but, as stated in § 7, in this book we consider only those 
rectilinear figures in which each of the angles within the figure is less 
than two right angles. 

P 
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Proposition 14. Second Criterion for a Parallelogram 


81. Theorem. If two sides of a quadrilateral are equal 
and parallel, the figure is a parallelogram. 


Given the quadrilateral ABCD with AB equal and || to DC. 


Prove that the quadrilateral ABCD is a CL. 
The plan is to prove that « = x’ and y = y’, and then to apply § 55. 


Proof. Draw the diagonal AC. Post. 1 
Since AC=AC, Iden. 
since AB=DC, Given 
and since c=2', § 61 
we see that A ABC is congruent to ACDA. § 40 
Then y =. § 38 

.. BCG is ¥to AD. § 55 

Also, AB is |l to DC. Given 

~ ABCD iS aL, ie 


82. Corollary. If both pairs of opposite angles of a quadri- 
lateral are equal, the figure is a parallelogram. 

The sum of the 4 of the above quadrilateral is the same as the sum 
of the 4 of the AABC and CDA; that is, it is 4rt. 4 (§65). Now if 
4A=2ZC and ZB=ZD, it follows (Ax. 1) that Z2A+ZB=ZC+ZD; 
whence 2A +2ZB=}of4rt.4=2rt. 4. Similarly, 24+ 2D=2rt. z. 

Hence, by § 59, the opposite sides are Il, and ABCD is a (§ 72). 
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Proposition 15. Diagonals of a Parallelogram 


83. Theorem. The diagonals of a parallelogram bisect 
each other. 


Given the (/ ABCD with the diagonals AC and BD inter- 
secting at O. 


Prove that AO=OC 


and that BO= OD. 
The plan is to show first that AABO is congruent to ACDO or that 
ABCO is congruent to ADAO. 


Proof. In A ABO and CDO we have 


AB=CD. § 76 
The opposite sides of a LJ are equal-::. 
We also have x=n2' andy=y'. § 61 
Tf two \i lines are cut by a transversal, the alternate A are equal. 
.. AABO is congruent to ACDO. § 44 


If two 4 and the included side of one A are equal respectively to 
two 4 and the included side of another, the A are congruent. 


Hence AO=OC and BO=OD. § 38 


84, Corollary. If the diagonals of a quadrilateral bisect 
each other, the quadrilateral is a parallelogram. 


For then AABO is congruent to ACDO (§ 40), x =a’ (§ 38), and AB 
is ll to DC(§ 55). Similarly, AD is ll to BC. Give the proof in full. 
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Proposition 16. Parallels intercept Equal Segments 


85. Theorem. If three or more parallels intercept equal 
segments on one transversal, they intercept equal seg- 
ments on every transversal. 


Given several |ls intercepting the equal segments x, y, zon 
the transversal ¢ and intercepting the segments AB, BC, CD 
on the transversal t'. 


Prove that AB=BC=CD. 


The plan is to prove three A congruent. 


Proof. If ¢ is || to t', the proposition is true by § 78. 

If ¢ is not Il to t’, we can evidently prove the theorem if we can 
show that AB, BC, CD are sides of congruent A. This can be done by 
§ 44 if we can prove that AP=BQ=CR and can prove that the é 
including these lines are respectively equal in each ease. 


Suppose that AP, BQ, CR are each || to t. $52 
Since AP=2z, BQ=y, and CR =z, § 78 
we have AP=BQ=CR: Ax. 5 
Then ZBAP=Z CBQ=ZDCR, § 62 
and 7 APR=ABOCaZURD: § 64 
Hence AABP, BCQ, CDR are congruent, § 44 


and AB=BC=CD. § 38 
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86. Corollary. [fa line parallel to one side of a triangle 
bisects another side, it bisects the third 
side also. 


Given the AABCas shown, with DE|itoBCand p 
BD = DA. 


Prove that CH= EA. B 


In the proof suppose that XY is Il to DE. Then show that this is 
simply a special case of § 85, the two transversals being AB and AC. 

The student will find it interesting to take other special cases,—for 
example, the case in which the transversals cross between the Ils. 


87. Corollary. The line which joins the midpoints of two 
sides of a triangle is parallel to the third side and is equal 
to half the third side. 

Given the AABC as shown, with BD =DA and 
CE =EA. 

Prove that DE is\lto BC 
and that DE=3BC. 

“In the proof suppose that EF is |l to AB. The corollary is evidently 
proved if we can prove that BF ED is a LJ and that BF = FC. 


Show that a line from D|| to BC makes CE= EA. Then what follows 
as to DE and BC? How does HF divide BC? 


88. Corollary. [fa line parallel to the base of a trapezoid 
bisects one of the other sides, it bisects the opposite side and 
is equal to half the sum of the bases. 

Given the trapezoid ABCD as shown, with 
PQ || to AB and AP= PD. 


Prove that. BQ=QC 


and that PQ=3(AB+D0O). 
Proof. Suppose that CX is |l to DA. § 52 
Then XGva— Py Candy @) 1G) OC. § 85 
Hence YOu XB. § 87 
Also, .* PY =AX=DC=}4(2AX)=34(AX4+ D0). § 78 


o PY+YQ=}(AX+XB+DO)=}(AB+DC). Axs.1,5 


60 | FUNDAMENTAL THEOREMS BOOK I 


Exercises. Review 


1. In this figure, B, C, and D are in a straight line. If 
2 =73°, y= 49°, and z=58", prove that “4 
CE is || to BA and find the number of E 
degrees in ZB. f : : 
2. In the figure of Ex. 1 suppose that p _ Sey 
a =188°, y=15°, and z=27°. Prove that 
CE is || to BA and find the number of degrees in 7B. 
The student should sketch a new figure, in which the angles conform 
approximately to the new measurements. 
3. In this figure, if «= 34°, y= 49°, and 
z = 88°, then AB is ll to CD. P<EQ 
Produce RQ to meet AB. 
4. In the figure of Ex. 3, if it is given 
that ABis ll to CD, then z=a2+y. 
5. In this figure, O'A'is L to OA, and O'B' 


is |. to OB. Name all the pairs of equal 
angles in the figure and prove each statement. B 
6. In the figure of Ex.5, what other condi- O A 


tion would make the two triangles congruent? 
7. In Ex. 5 suppose that O' lies within Z AOB, as shown 
in this figure. 


Produce B’O’ to meet OA, as at X. Show that 
the angles of AXO’A’ are respectively equal to 
the angles of A XOB’. 


8. In Ex. 7 prove that 7 B’O'A' is supple- 9 
mentary to ZO. 


9. In Ex. 5 suppose that O' lies on OB, 
as shown in this figure. 

Show that the angles of A B’O’A’ are respectively 
equal to the angles of A B’OO’, O 
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89. Polygon. A rectilinear figure of three or more sides 
is called a polygon. 


The terms sides, perimeter, angles, vertices, and diagonals are 
employed in the usual sense in connection with polygons in general. 


90. Polygons classified as to Sides. A polygon is called 


a triangle if it has three sides; 

a quadrilateral if it has four sides; 

a pentagon if it has five sides; 

a hexagon if it has six sides. 
These names are sufficient for most cases. The next few names in 

order are heptagon, octagon, nonagon, decagon, undecagon, dodecagon. 

A polygon is equilateral if all its sides are equal. 
91. Polygons classified as to Angles. A polygon is 


equiangular if all its angles are equal; 
convex if each of its angles is less than astraight angle; 
concave if it has an angle greater than a straight angle. 


a 


Equilateral Equiangular Hexagon Convex Concave 


In a concave polygon, an angle greater than a straight angle is 
called a reéntrant angle. As stated in §7, when the term polygon 
is used a convex polygon is understood unless the contrary is stated. 

92. Regular Polygon. A polygon that is both equiangular 
and equilateral is called a regular polygon. 


93. Relation of Two Polygons. Two polygons are 
mutually equiangular if the angles of the one are equal 
to the angles of the other, taken in the same order ; 


mutually equilateral if the sides of the one are equal to 
the sides of the other, taken in the same order. 
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Proposition 17. Sum of the Angles of a Polygon 


94. Theorem. The sum of the interior angles of a 


polygon is as many straight angles less two as the 
figure has sides. 


E 
| 
A 


Given the polygon ABCDEF with n sides. 


Prove that the sum of the interior A is (n— 2) st. A. 
The plan is to cut the figure into A and apply § 65. 


Proof. From any vertex A draw as many diagonals as 


possible. Then there is a A for each side except the two 
adjacent to A. Hence there are (n— 2) A. 


The sum of the A of each A isa st. Z. § 65 
Hence the sum of the 4 of the (n—2)A, that is, the 
sum of the A of the polygon, is (n— 2)st. A. Ax.3 


Notice that this proposition includes § 65 as a special case. 


95. Corollary. The sum of the angles of a quadrilateral is 


two straight angles; and if the angles are all equal, each is 
a right angle. 


Give brief oral proofs of all such corollaries. 


96. Corollary. Hach angle of a regular polygon of n sides 
as equal to (n— 2)/n straight angles. 
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Exercises. Review 


1. [f the arms of one angle are respectively perpendicular 
to the arms of another angle, the angles are either equal or 
supplementary. 

2. Any two consecutive angles of a parallelogram are 
supplementary. 

3. If one angle of a triangle is 37° 30’, what is the sum 
of the other two angles? 

4. If the sum of two angles of a triangle is 37° 30', how 
many degrees are there in the other angle? 

5. If an exterior angle at the base of an isosceles tri- 
angle is 98°, find the number of degrees in each angle of 
the triangle. 

6. If the exterior angle at the vertex of an isosceles 
triangle is 98°, find the number of degrees in each angle 
of the triangle. 

7. Inthis figure, which shows two parallel 
lines cut by a transversal, x =59°. How many 
degrees in each of the other seven angles? 

8. Find the sum of the angles at the five points of the 
usual form of the five-pointed star. 

Such a star is sometimes called a pentagram. It 
was used as a badge by the followers of Pythagoras, , 
one of the greatest of the Greek mathematicians, 
about 525 B.c. At the five points were the Greek 
letters v, ry, 4, €, a, the word vyieva (hygieia) mean- 
ing ‘thealth,’’ the single letter e being used for ev. 

9. Study this figure with respect to the 
sum of the marked angles, write a theorem 
concerning it, and prove this theorem. 

10. Consider the theorem of Ex. 9 for 
the special case of the parallelogram. 


Pd 
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Proposition 18. Exterior Angles 


97. Theorem. The sum of the exterior angles of a 
polygon, made by producing each of its sides wm suc- 
cession, is two straight angles. 


Given the polygon ABCDEF with its n sides produced in 
succession. 

Prove that the sum of the exterior A is 2 st. ZB. 

The plan is to take the sum of the interior A from 7 st. A. 

Proof. Designate the interior A by a, b, c, d, e, f, and the 
corresponding exterior 4 by a’, b', c', d', e', f'. 

Then, considering each pair of adjacent 4, 

at+a=ast.Z, 

and b+0'=ast. Z. §12 

In like manner, each pair of adjacent A =a st. Z. 

Then, since the polygon has n sides and n A, the sum of 


the interior and exterior & is n st. A. Ne! 
But the sum of the interior J is (n — 2) st. A § 94 
or n st. 4—2st. 4. 


Hence nst.4—(nst. 4A—2st.4)=2s8t.4; Asa? 
that is, the sum of the exterior & is 2 st. 4, 
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Exercises. Review 


1. In making a map of a field a surveyor uses an in- 
strument which enables him to find with equal ease the 
interior angles and the exterior angles ~z 
of the field. In order to check his work 
he may use either § 94 or $97. Whichis ~ 
the easier for him to use, and why is it 
easier ? 

2. In making a map of a field of five sides a surveyor 
finds that the exterior angles are 56°30’, 75°30’, 95° 30', 
71° 30’, and 60° 30'. Are his angle measures correct? If all 
but the last are checked and thus are known to be correct, 
what is the size of the last angle? 

3. This figure represents two pairs of parallel lines. 
State all the equalities of angles, thus: 
a=c=g=e=o0=:-:. Give the reason 
in each case. 

4. In the figure of Ex. 3 state ten 
pairs of nonadjacent angles which are 
supplementary; thus: a+A=180° and 


d+e= 180". C 
5. In this figure, given that AC=BC 
and that DE is |l to AB, prove that jp E 


CD=CE. Write a general statement of 
the theorem. 
6. In the figure here shown, « =72° y y 
and «=#y. Is AB |l to CD? Give the 
proof in full. C. 
”. In the figure of Ex. 6 suppose that 
a = 73° and y—«# = 82°. Is AB then Il to CD? Give the proof. 
8. How many sides has a regular polygon each angle of 
which is 140°? 


& 


66 


FUNDAMENTAL THEOREMS 


BOOK I 


98. Summary of Important Fundamental Theorems. There 
are many important theorems in geometry, but those 
which we have thus far studied are used more often than 
those of any other similar group. We may now summarize 
the most important of the results as follows: 


mone 
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mW Dd Fe 


Conditions of Congruence of Triangles 


. Two sides and included Z respectively equal. 
. Two Z and included side respectively equal. 
. Three sides respectively equal. 

. Two 4 and any side respectively equal. 


Conditions of Congruence of Right Triangles 


. Hypotenuse and an adjacent Z respectively equal. 
. Hypotenuse and a side respectively equal. 


Conditions of Parallelism 


. Alternate 4 equal. 

. Two lines _L to the same line. 

. Two lines || to a third line. 

. Corresponding 4A equal. 

. Interior 4 on same side supplementary. 


Transversal Cutting Parallels 


. Alternate J are equal. 

. Corresponding A are equal. 

. Interior 4 on same side are supplementary. 

. Segments on other transversals are equal. 
Sums of Angles 

. Of a triangle, SR aera 

. Of a polygon, (n — 2) st. A. 

. Of a polygon, exterior, 2 Steve. 


§ 40 
§ 44 
§ 47 
§ 67 


§ 68 
$71 


§ 55 
§ 57 
§ 58 
§ 59 
$593 


§ 61 
§ 62 
§ 63 
§ 85 


§ 65 
§ 94 
$7 
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II. FUNDAMENTAL CONSTRUCTIONS 


99. Construction. When we construct a figure we make 
the figure accurately by the aid of an unmarked ruler and 
a pair of compasses, which are the only instruments recog- 
nized in elementary geometry. When we draw a figure we 
make the figure without the aid of these instruments, but 
we may use, if we wish, the draftsman’s triangle, the pro- 
tractor, or the T-square, so as to make a neat figure. 

In many cases it is immaterial whether we use the word ‘*t draw ’”’ 
or the word ‘‘ construct,’’ as when we speak of drawing a line. 

We shall now consider the solution of a few of the most important 
problems of construction. 


100. Nature of a Solution. A solution of a problem has 
one step that a proof of a theorem does not have. 

In proving a theorem we state (1) what is given, (2) what 
ts to be proved, and (3) the proof. 

In solving a problem we must state (1) what is given; 
(2) what is required, that is, to do some definite thing; 
(3) the construction, that is, how to do it; and (4) the proof, 
showing that the construction explained in step 3 is correct. 

We prove a theorem, but we solve a problem and then 
prove that our solution is a correct one. 

In the figures for the problems in Book I, given lines are shown as 
full lines, required lines as heavy black lines, and construction lines and 
lines produced as dotted lines. (See also the note in § 39.) 


101. Discussion of a Problem. Besides the four necessary 
steps mentioned in § 100, a fifth step may profitably be 
taken in connection with every problem. This step is the 
discussion of the solution, to see if there are any interesting 
special cases in which a solution is impossible or in which 
there is more than one solution. Such discussions are, in 
general, left to the teacher and students. 
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Proposition 19. Bisecting a Line Segment 


102. Problem. Bisect a given line segment. 


Given the line segment AB. 
Required to bisect AB. 


The plan is to construct two congruent A. 


Construction. With A and Bas centers and with any con- 
venient radius construct two arcs that intersect. Post. 4 
A convenient radius in many cases is AB itself. 


Designate the points of intersection of the ares as Xand Y. 
Draw the st. line XY and designate the point where it 


cuts the given line segment as M. Post. 1 

Then XY bisects AB at M; that is, AM=BM. 
Proof. Draw AX, BAL AY el. Post. 1 
Since AAYX is congruent to ABYX, § 47 
we have LAL S20 a § 38 
.. AAMX is congruent to ABMX. § 40 


The student has here the essential features of the proof. He should 
now give the steps in full. 
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Proposition 20. Bisecting an Angle 
103. Problem. Bisect a given angle. 


Given the 2 AOB. 


Required to bisect Z AOB. 
The plan is to construct two congruent A. 


Construction. With O as center and any convenient radius 
describe an are cutting OA at X and OB at Y. Post. 4 
With X and Y as centers and with a radius greater than 
half the line segment from X to Y, construct intersecting 
ares and designate their point of intersectionas P. Post. 4 


A éonvenient radius may be found by placing one point of the 
compasses on X and the other on Y. 


Draw OP. Post. 1 

Then OP bisects Z AOB. 

Proof. Draw PX and PY. Post. 1 

Since OX O%- Post. 4 
since P= Py. Const. 
and since OP = OF. Iden. 
we see that AOXPis congruent to AOYP. § 47 


ZK OP = ZYOP, § 38 
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Proposition 21. Perpendicular through Internal Point 


104. Problem. Through a given point on a given 
straight line construct a perpendicular to the line. 


Given the line AB and the point P on AB. 
Required through P to construct a | to AB. 


The plan is to construct two congruent A. 


Construction. By drawing arcs, make PX=PY. Post. 4 
With X as center and XY as radius construct an are, and 
with Y as center and the same radius construct another 


arc intersecting the first are at C. Post. 4 
Draw PC, which is the required _L. Post. 1 
Proof. Draw CX and CY. Post. 1 


Since we used the same radius in constructing the inter- 
secting arcs, we have 


Gk GY. Const. 

Also PX=PY; Post. 4 
and CP=CP. Iden. 
.. AXPC is congruent to AYPC, § 47 

and “CPX SZ CPY, § 38 
Ree BI EP aL y Ae ote $13 


and PC is 1 to AB. $14 
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Proposition 22. Perpendicular through External Point 


105. Problem. Through a given point outside a given 
straight line construct a perpendicular to the line. 


Given the line AB and the point P not on AB. 

Required through P to construct a L to AB. 

The plan is to construct two congruent A. 

Construction. With P as center and a radius sufficiently 
long construct an are cutting AB at X and Y. Post. 4 


Such a radius can easily be found by simply placing one point of the 
compasses on P and the other on any point below AB. 


With X and Y as centers and a radius sufficiently long 


construct two arcs intersecting at C below AB. Post. 4 
Such a radius may be any length greater than half of XY. 
Draw PG. Post. 1 
Let M be the point of interseetion of PC and AB. 
Then PM is the required L. 
Proof. Draw WEN Be VY CLASCAY Post. 1 
Then APXC is congruent to APYC. § 47 


Now write out the full proof, which should show that AXMP is 
congruent to AYMP by § 40. 
P 
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Exercises. Constructions 


1. Draw a line segment 33 in. long and bisect this line 
segment by measuring. Then bisect it by $102 and thus 
test the accuracy of your measurement. 

2. By the aid of a protractor draw and bisect an angle 
of 60°. Then bisect the angle by $108. 

3. Draw aline AB, take a point P not on AB, and through 
P draw a perpendicular to AB by means of a draftsman’s 
triangle. Then through P construct a perpendicular to AB 
by the method of §105, and thus check the accuracy of the 
drawing. 

In ordinary practice, either of these methods is satisfactory. 


4. Drawa line AB, take a point P on the line, and through 
P draw a perpendicular to AB by means of a draftsman’s 
triangle. Then construct a perpendicular as in §104. 


5. Write a statement about the relative sizes of the halves 
of equal line segments; of the halves of equal angles; of 
the halves of equal circles; of the halves of any equal 
magnitudes. Draw a diagram to illustrate each statement. 


6. Write a statement about the result of adding equal 
line segments to equal line segments; of adding equal 
angles to equal angies. Draw a diagram to illustrate each 
statement. 


7. How many degrees are there in an angle that is equal 
to half its complement? to half its supplement? 


8. How many degrees are there in an angle that is equal 
to 10° more than its complement? to 20° less than its com- 
plement? to 30° less than half its complement? 

9. Construct a line segment equal to the sum of two 


given line segments; to the difference between two given 
line segments. 
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Construct angles of the following sizes: , 
RO eae toes se i Pelt 415! 13.195" 14.°157°30%, 


15. Construct a square 2in. on aside. If the figure is cor- 
rectly constructed the two diagonals are equal. Check the 
work by measuring the diagonals with the compasses. 


16. By the use of compasses and ruler construct the 
following figures: swe 


71 
i 


The lines made of short dashes show how to locate the points needed | 
in drawing the figure. They should be erased after the figure is com- 
pleted unless the teacher directs that they be retained to show how 
the construction was made. 


17. By the use of compasses and ruler construct the 
following figures: 


OO 
Neae 


Ia the figures in Exs. 16 and 17 it should be noticed that the radius 
of a circle may be used to draw arcs which shall divide the circle into 


six equal parts. 

18. By the use of compasses and ruler construct four 
original designs similar in nature to those of Ex. 17. Try 
to make the designs as varied as possible. 
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Proposition 23. Constructing Equal Angles 


106. Problem. From a given point on a given line con- 
struct a line which shall make with the given line an 
angle equal to a given angle. 


Given the 2 AOB and the point P on the line QR. 


Required from P to draw a line making with the line QR 
an Z equal to ZAOB. 


The plan is to construct two congruent A. 


Construction. With O as center and any radius describe 


an are cutting OA at C and OB at D. Post. 4 
With P as center and the same radius describe an are 

MX, cutting QR at M. Post. 4 
Draw GD. Post. 1 
With M as center and CD as radius describe an are cutting 

the arc MX at N. Post. 4 
Draw PN. Post. 1 
Then PN is the required line. 
Proof. Draw MN. Post. 1 


Now prove that AOCD and PMN are congruent by § 47. 
This method of constructing equal angles is more nearly accurate 
than the method of drawing by the aid of a protractor. 
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107. Corollary. Through a given external point construct 


a line parallel to a given line. o6 
Let P be the given external point and AB the = 

given line. C = a ar) 
Draw any line XPY through P, cutting AB as rN 

in the figure. pS B 
At P construct p=q, and draw DPC. y 4 


The line CD is the required line. 
Write the construction in the usual form and give the proof. 


108. Corollary. Given two sides and the included angle 
of a triangle, construct the triangle. 


Let 6 and c be the given sides 


and m the given Z. — 
Construct ZXOY=™m. Osea out 
On OX mark off with the com- ~K 

passes OB=c, and on OY mark m, ‘ 

off OC= b. u 
Draw BC. 


Then A OBC is the required A. 

Write the construction in the usual form and give the proof. 

Of course the A may be turned over, giving another appearance, 
but such cases, if thought important, are left to the consideration of 


the class. 


109. Corollary. Given a side and two angles of a triangle, 


construct the triangle. ‘ 
Let a be the given side and _<m (a a rae RT eT 


m and n the given 4. ¥ lie 

Then if the side is included by in dan 
the 4, mark off with the com- // y ONS 
passes on any line / the segment 35 nm" agers 
Or Ce 


At P construct an Z equal to m, and at @ construct an Z equal to n. 


Then A PQR in the figure is the required A. 
Write the construction in the usual form and give the proof. 
If the side is not included by the 4, find the third Z by means of 


§ 65 and then proceed as above. 
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Proposition 24. Triangle with Given Sides 


110. Problem. Construct a triangle with its sides 
equal respectively to three given line segments. 


Given the line segments /, m, n. 


Required to construct a A with sides equal to l, m, n. 


The plan is to draw two arcs which shall determine the A. 


Construction. Draw a line a with the ruler and on it 
mark off with the compasses a line segment AB=l. 

With A as center and m as radius draw an are; with B 
as center and 7 as radius draw another arc cutting the first 


are at C. : Post. 4 
Draw AC and BC. Post. 1 
Then ABC is the required A. 

Proof. AB=l1, AC=™m, and BC =n. Const. 


The discussion (§ 101) should disclose any special cases. 


111. Corollary. Given one of the sides, construct an equi- 
lateral triangle. 
In this case, and similarly in $112, the student should perform the 


construction, and then write out the construction and the proof in 
proper geometric form. 


112. Corollary. Given the base and one of the two equal 
sides, construct an isosceles triangle. 
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Proposition 25. Dividing a Line Segment 


113. Problem. Dvvide a given line segment into a given 
number of equal parts. 


Given the line segment AB. 


Required to divide AB into a given number of equal parts. 

The only proposition thus far studied that relates to equal segments 
on a line is the one concerning a transversal cutting Ils (§ 85). The plan 
is, therefore, to bring this problem under that theorem. 


Construction. From A draw the line AX, making any con- 
venient Z with AB. Post. 1 
Take any convenient length and, by describing ares, apply 
it to AX as many times as is indicated by the number of 
parts (say three) into which AB is to be divided. Post. 4 
From R, the last point thus found, draw RB. Post. 1 
From the points P, Q by which AR was divided into 


equal parts, construct PP’ and Qq' Il to RB. $107 
These lines divide AB into equal parts as required. 
Proof. Construct AY'|l to BR. $107 


Since the Ils AY, P'P, Q'Q, BR were constructed so as to 
cut off equal segments on AX, they cut off the equal seg- 
ments AP’, P’Q', Q'B on AB. § 85 

This method is more nearly accurate than trying to divide AB by 
measuring its length with a ruler. 
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Proposition 26. Two Sides and One Angle 


114. Problem. Given two sides of a triangle and the 
angle opposite one of them, construct the triangle. 


Given a and }, two sides of a A, and A the Z opposite a. 


Required to construct the A. 
The plan is to determine the A by means of arcs. 


Construction. CASE1. Ifa< b. 


On a line AX construct ZXAY=ZA. $ 106 
On AY take AGS 6. Post. 4 
With C as center and a as radius construct an arc inter-_ 
secting the line AX at Band B’. Post. 4 
Draw BC and B'C, thus completing the A. Post-1 


Then both AABC and AAB'C satisfy the conditions. 

This is called the ambiguous case. 

Except for students specializing in mathematics, § 114 may be 
omitted. CY 

For the present we shall assume YY" 
that if a < b there are, in general, 
two constructions as stated. If a 
is equal to the | from C to AX, 
it is evident that there is but 
one construction, the rt. A ABC, as shown in the figure at the left. 

If a is less than the | from C to AX, it is apparent that there is 
no A, as shown in the figure at the right. 
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CASE 2. Ifa=b. 


If the given ZA is acute and a=b, the are constructed 
from C as center with radius a apparently cuts the line 
WX at the points A and B. There 


a C, mend 
is, however, but one A; namely, the ore 
isosceles A ABC. 
If A is art. Z or an obtuse Z, there is w->< iy 
A SS J Is. 
~. _—~ 


no A when a=), for aA cannot have two 
rt. 4 or two obtuse J (§ 65). et 


CASE 3. Ifa>b. 

If the given ZA is acute, the are constructed from C cuts 
the line WX on opposite sides 
of A at the points B and B’. 
Then AABC satisfies the con- 
ditions, but AAB'C does not, 
for it does not contain the acute 
ZA. There is then only one A 
that satisfies the conditions. 


If the given ZA is art. Z, is 
the are constructed from C cuts mace 
the line WX on opposite sides of She 
a ' ag - a 
A at the points B and B’, and Po 
a / 


we have two congruent rt. A W--3feentencb x 
that satisfy the conditions. eer oe 

If the given ZA is obtuse, the are constructed from C 
cuts the line WX on opposite y 
sides of A at the points B and Xe 


B'; but only the A ABC satisfies - WA 
the conditions. +4 

The proofs of these statements are WK ee ee iS ae x 
given later, but since this proposi- B Ss a. 


tion will not be used in proving any 
theorems, it is permissible to use them here in discussing the problem. 
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Exercises. Review of Constructions 


1. Divide a given line segment into four equal parts. 

2. Construct an equilateral triangle of given perimeter. ; 

3. Through a given point draw a line which shall make 
equal angles with the two sides of a given angle. 

4. Through a given point draw two lines which shall 
form with two intersecting lines two isosceles triangles. 

5. Construct a triangle with its three angles respec- 
tively equal to the three angles of a given triangle. 


By first constructing an equilateral triangle and then 
bisecting certain angles construct angles of: 


6. 30°. Tete. S27 ol. 9. 3 of art. Z, 

10. Construct an isosceles triangle with its base equal 
to one third of one of the equal sides. 

11. Construct an isosceles right triangle. 


12. Construct an isosceles triangle with one of the base 
angles 60°. What other special name can you give to the 
triangle? Prove that your answer is correct. 


13. By the use of compasses and ruler construct the 
following figures (see Ex. 16, page 73): 


In such figures artistic patterns may be made by coloring various 
portions of the drawings. In this way designs are made for oilcloth, 
for stained-glass windows, for colored tiles, and for other decorations. 
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III. INEQUALITIES 
Proposition 27. Unequal Sums of Lines 


115. Theorem. The sum of two line segments from a 
given external point to the extremities of a given line 
segment is greater than the sum of two other line seg- 
ments similarly drawn but included by them. 


Given the line segment AB and the segments from the ex- 
ternal points Q, P to A and B. 


Prove that AQ+ QB>AP+PB. 
The plan is to apply Post. 3. 
Proof. Produce AP to meet QBas at X. Post. 2 
Then AQ+QX>AP+ PX. Post. 3 
Likewise, PX+XB> PB. Post. 3 
Adding these inequalities, we have 
AQ+QX+PX+XB>AP+PX+PB. Ax.8 
Substituting QB for its equal, QX + XB, we have 
AQ+QB+ PX >AP+PX+PB. Ax.5 
“. AQ+QB>AP+PB. Ax.7 


It may be asked why AP produced meets BQ at any point whatever. 
Such discussions, of little significance at this stage, are left to the teacher 
to initiate if thought desirable. 


82 © INEQUALITIES BOOK I 


Proposition 28. Perpendicular from an External Point 


116. Theorem. One and only one perpendicular can be 
constructed to a given line from a given external point. 


Given a line XY and an external point P. 


Prove that one and only one can be constructed from 
PTO XY. 

The plan is to show that if two lines from P are 1 to XY, then 
§ 50 is violated. 

Proof. One to XY, as PQ, can be constructed. $105 

Suppose that another _L to XY, as PZ, can be constructed, 
and let a and 0, as shown in the figure, be the & formed 
by the _ls. 


Since a and bare rt. 4, §14 
we have a=b, Post. 6 
But this is impossible, 
because a> ob. § 50 


That is, the supposition that there are two _ls leads to an 
impossibility, and hence PQ is the only _L to XY. 
We may now cease to depend upon Post. 10 as the authority for 


stating that only one perpendicular to a line can be drawn from an 
external point. 


The proposition may also be proved by using §65 to show the im- 
possibility in supposing that two perpendiculars can be drawn. 
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Proposition 29. A Perpendicular and Equal Obliques 


117. Theorem. [ftwo line segments drawn from a point 
on a perpendicular to a given line cut off on the given 
line equal segments from the foot of the perpendicular, 
the line segments are equal and make equal angles with 
the perpendicular. 


Given PO | to XY, and PA and PB two lines cutting off 
from O on XY the equal segments OA and OB. 


Prove that PAz PP, 
and that ZAPO=Z BPO, 
The plan is to prove that the AAOP and BOP are congruent. 
Proof. Since BO ist! tOuXKW, Given | 
we see that APOA and POB are rt. 4. $14 
ae POA =ZPOB. Post. 6 
Also, OA = OB, Given 
and BO = PO, Iden. 
Hence AAOP is congruent to ABOP. § 40 
. PA = PB; 
and PAPO =Z BPO; § 38 


While not dealing directly with inequalities, §§ 116 and 117 are related 
to the theory, as is shown later. 
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Proposition 30. A Perpendicular and Unequal Obliques 


118. Theorem. If two line segments drawn from a 
point on a perpendicular to a given line cut off on the 
given line unequal segments from the foot of the perpen- 
dicular, the line segment more remote is the greater. 


Given PO | to XY and two lines PA, PC drawn from P to 
XY so that OA> OC. 


Prove that RAS Pe: 

The plan is to show that PA > PB, which is equal to PC. 

Proof. Take OB=OC and draw PB. Post. 1 
Then PR = PC. §117 
Produce PO to P', making OP'= OP. Post. 2 
Draw P'A and P'B. Post. 1 
Then PA=P'Aand PB=P'B. §117 
But PA+P'A>PB+P'B, $115 


because PP’ ts a line segment to the ends of which we have 
drawn segments from A and B. 


etn ns, Ax.5 
because we may substitute PA for P’A, and PB for P’B. 
Hence PA> PR, Ax.7 


and PA> PC. Ax.5 
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119. Corollary. Only two equal obliques can be drawn from 
a gwen point to a given line. 

Let PA, PB, PC be three obliques and let 
PO be 1 toXY. 

Then to suppose that PA=PB=PC is to 
contradict § 118, where it was proved that X 6 
PA>PC. oe co G 


Je 


120. Corollary. Hqual obliques from a point to a line cut 
off equal segments from the foot of the P 
perpendicular from the point to the line. 

Given PO | to XY and PA=PB. 

Prove that OA=OB: 


xe Ne 
Proof. InAAOP and BOP we see that A O B 


4POA and POB are rt. 4, §14 

because PO is given as 1 to XY. 
.. AAOP and BOP are rt. A. § 20 
Also, PA— BB, Given 
and POO: Iden. 
.". AAOP is congruent to ABOP, § 71 
and OA = OB. § 38 


121. Corollary. Jf two unequal line segments are drawn 
from a point to a line, the greater cuts off the greater seg- 
ment from the foot of the perpendic- a 
ular from the point to the line. 

In this figure, in which PO is L to XY and 
PA>PB, it is impossible that A should lie 
between B and O. For if A should be at A’, X- aeAnO 
then PA (that is, PA’) would be less than PB 
(§ 118), which is contrary to what is given. Further, A cannot fall on 
B, for then PA = PB, which is also contrary to what is given. 

Thus A cannot lie on B or between B and O. Hence the greater 
segment PA cuts off the greater segment on XY from O. 

Similarly, if PA lies on the right of PO, as at PC, then, since 
PA = PGC, we see that OA = OC (§ 120), so that OC > OB. 

Since we have covered all possible cases, the corollary is true. 


‘. 


oY 
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Proposition 31. Perpendicular Shortest Line 


122. Theorem. The perpendicular is the shortest line 
segment that can be constructed to a given line from a 
given external point. 


Given PO, the __ from an external point P to the line XY. 


Prove that PO ts the shortest line from P to XY. 
The plan is to show that PO is shorter than any other line. 


Proof. Let PZ be any other line segment from P to XY. 


Produce PO to P', making OP'= OP. Post. 2 
Draw P'Z. Post. 1 
Since XY is given _L to PP', then PZ = P'Z, $117 
Then PZ+ P'Z=2 PZ, 

and PO+P'0=2P0O. Axs. 5, 10 
But PO+P'0<PZ+FP'Z. Post. 3 
Hence 2POS2 PZ, Ax. 5 

and PO <PZ; AxcT 


that is, | PO is the shortest line from P to XY. 


123. Corollary. Conversely, the shortest line segment to a 
given line from an external point is the perpendicular from 
the point to the line. 

For if PO is the shortest line segment, it must be to XY. Other- 


wise we should have a line segment from P to XY shorter than the _L, 
which is impossible (§ 122). 
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Proposition 32. Angles of a Triangle 


124. Theorem. If two sides of a triangle are unequal, 
the angles opposite these sides are unequal, and the angle 
opposite the greater side is the greater. 


Given the AABC with CB > CA. 


Prove that Z_BAG> ZB: 
The plan is to show that Z2BAC>q=r>ZB. 


Proof. Because CB>CA we may suppose that CX.can 
be marked off with the compasses on CB so that CX=CA. 


Draw AX, Post. 1 
Then AAXC is isosceles. $19 
Then, in the figure, g=T, § 42 
because in an isosceles A the A opposite the equal sides are equal. 
But r>ZB, § 50 
because an exterior Z of a A> either nonadjacent interior Z. 
Also, ZBAC>gq. Ax. 10 
Substituting 7 for its equal, g, we have 
ZBAC>Y?. Ax.5 
Since ee a Proved 
then ZBAC>ZB. «0 wAxs9 


If the first of three quantities > the second, and the second > the 


third, then the first > the third. 
P 


88 INEQUALITIES BOOK I 


Proposition 33. Sides of a Triangle 


125. Theorem. If two angles of a triangle are unequal, 
the sides opposite these angles are unequal, and the side 
opposite the greater angle is the greater. 


Given the AABC with ZA>ZB. 


Prove that a> ob. 
The plan is to show that other suppositions lead to an impossibility. 


Proof. Now a is either equal to b, less than b, or greater 
than b. 


If a=b, 
then aa E § 42 
And if a<b, 
that is, if b>a, 
then Bi AG § 124 
Both these conclusions are contrary to the fact that 
LA ZB. Given 


Hence it follows that a>b. 


This is another example of an indirect proof (§ 56). We suppose that 
the statement to be proved is false, that is, that a=b6 and that b>a, 
and we show that these suppositions lead to impossibilities; namely, 
that ZA=2ZB or ZB > ZA, when we know that 7A>ZB. Accord- 
ingly, we conclude that the theorem is true. 
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Exercises. Inequalities 


1. The sum of any two sides of a triangle is greater than 
the third side, and the difference between any two sides is 
less than the third side. 

Use Post. 3 for the first statement and Ax.7 for the second. 


State in what cases it is possible to form triangles with 
rods of the following lengths, and give the reason: 


oo) cui. o ine mn. 5. 7in., 10 in., 20 in. 
3. 3in., 4in., 7 in. 6. 8in., 94 in., 18 in. 
4. Gin., 7in., 9 in. 7. 93 in., 104 in., 20 in. 


8. In this figure prove that AB+BC>AD+DC. 
Why is DB+BC>DC? What is the result of C 


adding AD to these unequals? 
9. In the figure of Ex. 8 suppose that awe 
CA=CB, and prove that CD<CB. Write 4 B 


a theorem based upon this fact. w 

The theorem may begin as follows: The line segment joining the 
vertex of an isosceles triangle to any point on the base is less than.... 

10. The hypotenuse of a right triangle is greater than 
either of the other sides. 

11. Prove § 122 by the use of $125. Is this legitimate ? 


It is legitimate in case § 122 was not used directly or indirectly in 
the proof of §125; otherwise it is not legitimate. 


12. In this figure, given that x is an ob- 
tuse angle and that M is the midpoint of TAK 
AB, prove that a <b. ¥ a B 
Draw a perpendicular from C to AB. 
13. On the base AB of a quadrilateral ABCD the point 
-Pis taken. Prove that the perimeter of the quadrilateral 


is greater than the perimeter of APCD. 
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Proposition 34. Unequal Angles of Triangles 


126. Theorem. If two sides of one triangle are equal 
respectively to two sides of another, but the included 
angle of the first triangle is greater than the included 
angle of the second, then the third side of the first is 
greater than the third side of the second. 


Given the AABC and XYZ with b= y,a=x,and ZC>ZZ. 
Prove that c>2z. 
In the figure, the plan is to show that AP+ PB=AP+PY>2z. 


Proof. Place the A so that Z coincides with C, y lies 
along b, and Y lies on the same side of AC as B. Post. 5 

Then since y=), X lies on A, and since Z2Z<ZC, x lies 
within Z ACB. 

Let CP bisect Z YCB and draw YP. Posts. 8, 1 

Then, since CP = CP, CY is given equal to CB, and Z YCB 
is bisected, we see that 


APYC is congruent to APBC. § 40 

? hy = EB: § 38 

Now AP+PY>AY. Post:3 
..AP+PB>AY, Ax.5 


and hence AB>AY, or c>2. Ax. 10 
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Proposition 35. Unequal Sides of Triangles 


127. Theorem. If two sides of one triangle are equal 
respectively to two sides of another, but the third side of 
the first triangle is greater than the third side of the 
second, then the angle opposite the third side of the first 
is greater than the angle opposite the third side of 
the second. 


Given the AABC and XYZ with b=y, a= x, and c>z. 
Prove that ZN re, 


The plan is to show that other suppositions lead to an impossibility. 


Proof. Now ZC is either equal to ZZ, less than ZZ, 
or greater than ZZ. 

If OZ, 
then A ABC is congruent to AXYZ, § 40 


because it then has two sides and the included Z equal respec- 
tively to two sides and the included 2 of AXYZ; 


and C=. § 38 
And if IOP i 

then logs 4. § 126 
Neither conclusion can be true, because ¢ >z. Given 


YH46AZZ. 
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Exercises. Review 


1. The point P within the AABC is connected with 
A, B, C by the line segments 2, y, z as 
shown in this figure. Then a+6 is 
greater than the sum of what two line 3 
segments? What proposition proves 


i pag Sele 
your statement! . : B 


2. In Ex.1, b+ c is greater than 
what sum, and c+a is greater than what other sum? 


C 


3. In the figure of Ex. 1 write three similar inequalities, 
beginning with «+ y >, add the three inequalities, and see 
what interesting result you can find relating to x+y+2z 
anda+b+e. 


4. Draw a figure showing how many exterior angles a 
triangle may have and find their sum in degrees. 


5. In theangles of this figure how does « compare with y? 
State the reason. How does y compare with z, and why? 


Then how does « compare with z, and C 

why? Write a theorem beginning, ‘‘If {> 

from a point within a triangle lines are Q 
drawn to any two vertices, the angle ST 
formed by these lines is greater than...”, 4 B 


6. Draw a rectilinear figure of four sides, and produce 
one of the sides to form an exterior angle. State your 
inference as to the relation of the size of this exterior 
angle to that of any of the nonadjacent interior angles. 
Discuss each possibility in full. 


7. The angles of a certain quadrilateral are so related 
that the second is twice the first, the third three times 
the first, and the fourth four times the first. How many 
degrees are there in each angle? 
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IV. ATTACKING ORIGINALS 


128. General Suggestions. Various important suggestions 
for attacking those exercises which are often called origi- 
nals have already been given in connection with the exer- 
cises themselves. These will now be summarized: 

1. Draw the figure carefully, but do not stop to construct 
it unless there seems to be some special need for doing so. 


A proof is often unnecessarily difficult simply because the figure 
is carelessly or incorrectly drawn. 


2. Draw as general figures as possible. 


For example, if you wish to prove a proposition about any triangle, 
do not take a triangle that is isosceles, right, or equilateral. 


3. After drawing the figure, state precisely what is given 
and precisely what is to be proved. 

Many of the difficulties of geometry come from failing to keep in 
mind precisely what is given and precisely what is to be proved. Draw 
no extra lines unless it is necessary. 

4. Now see af the proof is at once clear. If it 1s not, say: 
“T can prove this if I can prove that; I can prove that of I 
can prove...’’; and so on until you reach a proved propo- 
sition. Then reverse your reasoning. 


5. If two line segments are to be proved equal, try to prove 
them corresponding sides of congruent triangles, sides of 
an isosceles triangle, opposite sides of a parallelogram, or 
segments between parallels which cut equal segments from 
another transversal. 

6. If two angles are to be proved equal, try to prove them 
alternate or corresponding angles of parallel lines, corre- 
sponding angles of congruent triangles, base angles of an 
isosceles triangle, or opposite angles of a parallelogram. 


7. Try the indirect method (§ 56) as a last resort. 
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129, Synthetic Method. The method of proof in which 
known truths are put together in order to obtain a new 
truth is called the synthetic method. 


This method is used in proving most of the theorems of geometry. 
The proposition usually suggests some propositions already proved, 
and from these we proceed to the proof required. 


130. Analytic Method. The method of attack which asserts 
that a proposition under consideration is true if another 
proposition is true, and so on, step by step, until a known 
truth is reached, is called the analytic method. 


This is the method referred to in the fourth suggestion in § 128. Itis 
the one which the student should use if he does not at once see the proof. 


131. Concurrent Lines. If two or more lines pass through 
the same point they are called concurrent lines. 


The word ‘‘concurrent’’ is from two Latin words meaning ‘‘run- 
ning together.’’ Since two lines are generally concurrent, the term is 
commonly used in connection with three or more lines. 


132. Median. A line segment from any vertex of a tri- 
angle to the midpoint of the opposite side is called a median 
of the triangle. 


The term is occasionally employed with reference to a trapezoid 
to mean the line segment joining the midpoints of the two nonparallel 
sides, but it is rarely needed for this purpose. 


133. Trisect. To divide any geometric magnitude into 
three equal parts is to trisect it. 


Exercises. Review 


1. How many sides are there in a regular polygon each 
of whose angles is 175°? 


2. If a side and an angle of one isosceles triangle are 
equal respectively to the corresponding side and angle of 
another isosceles triangle, the triangles are congruent. 
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3. Given the rt. AABC with ZB = 274, with M the mid- 
point of the hypotenuse AB, and with MN || to AC, as 
shown in the figure. Give the authority for each of the 
following statements: 


(1) BN=NC. (5) ZA =80°. ¢ 
(2)MNisltoBcC. (6) ZB=60°. ae 
(3) MB= MC. (7)MB=BC. A B 


(4)ZA+ZB=90°. (8) AB=2 BC. 


4. The bisector of an exterior angle of an isosceles tri- 
angle, formed by producing one of the equal sides through 


the vertex, is parallel to the base. aX, 
‘**T can prove that AX is Il to BC if I ean prove Ag X 
that 4—— and —— are equal. I can prove these 
angles equal if I can prove that ZCAY is twice 
Z— of the AABC.”’ B C 


5. If the line drawn from the vertex of a triangle to the 
midpoint of the base is equal to half the base, the angle 


at the vertex is a right angle. B 

6. If through any point in the bisector of ae 
an angle a line is drawn to either side of the | 
angle parallel to the other side, the triangle 0 a 


thus formed is isosceles. 


7. If one of the equal sides of an isosceles triangle is 
produced through the vertex by its own y 
length, the line joining the end of the side 
produced to the nearer end of the base is 


perpendicular to the base. . 
*T can prove that ZYCB is a right angle if I can a 
fh 


prove that it is equal to the sum of 4 —— and ——of B iN 
ABCY. I can prove that it is equal to this sum if I 
can prove that p = Z2—— and g=Z—_.”’ Now reverse this reasoning 


and write out the proof in full. 


» 
* *, 
ts 


C 
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8. Through any point P on the line AB an intersecting 
line is drawn, and from any two points on this line equi- 
distant from P perpendiculars are drawn to AB or AB 
produced. Prove that these perpendiculars are equal. 

9. The bisectors of two supplementary adjacent angles 
are perpendicular to each other. 


Cc 
10. The lines joining the midpoints of po Q 
the sides of a triangle divide the triangle 
into four congruent triangles. A 7 B 
11. The bisectors of two vertical angles C 
are in the same straight line. y M 
A B 
N 
D 


12. The bisectors of the two pairs of 
vertical angles formed by two intersecting 
lines are perpendicular to each other. 


13. If an angle is bisected, and if a line is ¥ M 
drawn through the vertex perpendicular to O 
the bisector, this line forms equal angles with 
the sides of the given angle. a4 

14, The bisector of the angle at the vertex of an isos- 


celes triangle bisects the base and is perpendicular to 
the base. 


15. The perpendicular bisector of the A 
base of an isosceles triangle is concurrent 
with the equal sides and bisects the angle B u 


at the vertex. 
16. If the perpendicular bisector of the base of a triangle 
passes through the vertex, the triangle is iSosceles. 


17. Any point on the bisector of the angle at the ver- 
tex of an isosceles triangle is equidistant from the ends 
of the base. 


Take any point Pon AM in the figure of Ex. 15 andshow that PB=PC. 
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Exercises. Equal Lines 


1. In an isosceles triangle the medians drawn to the 
equal sides are equal. 


D 
2. If the sides AB and AD of a quadri- e 
lateral ABCD are equal, as shown in this 
figure, and if the diagonal AC bisects the ‘A ip 


angle at A, then BC = DC. 

3. If a line segment is terminated by two parallel lines, 
and if another line segment is drawn through the mid- 
point of the first and is terminated by the parallels, the 


second segment is bisected by the first. D C 
4. In a L/ ABCD the line BQ bisects Q Lp 

AD, and DP bisects BC. Prove that BQ 

and DP trisect AC. A B 
5. If on the base AB of a AABC any C 

point P is taken, and the lines AP, PB, Z 

BC, and CA are bisected by W, X, Y, and 

Z respectively, then XY = WZ. Ay oe xiao 


6. In the square ABCD, if CD is bisected by Q, and if P 
and RF are taken on AB so that AP= BR, 


then PQ = RQ. A 
7. In this figure, if AC=BC, and if See 
JP ZAERO (OS = (Oli then PS= QR. 
A P ra) B 


8. If from the vertex and the mid- 
points of the equal sides of an isosceles 
triangle lines are drawn perpendicular to the base, they 
divide the base into four equal parts. 


; ity) Ds nF Ae 
9. In this figure, if AB is || to DC, if 
ZC=ZD,and if CP= DQ, then AP=BaQ. fo 

Produce AD and BC to intersect. Then how 4 \B 
can it be shown that AD=BC? 
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Exercises. Equal Angles 


1. If the angles at the vertices of two isosceles tri- 
angles coincide, what can be said of the bases? Prove it. 


2. The bisectors of the equal angles of an isosceles 
triangle form with the base another isosceles triangle. 

3. In this figure, if AB = AC, and if CQ 
and BR bisect the AYCA and ABX re- 
spectively, the triangle formed by pro- 
ducing QC and RB is isosceles. 


4. The bisectors of any two angles %, & 
of an equilateral triangle form an angle vd 
equal to any exterior angle. P 
5. In which direction must the side 6 of a AABC be 
produced so as to intersect the bisector of C 
the opposite exterior angle? ‘ ie 
Consider the three cases ZA< ZC, ZA=ZC, 
AS 2. igen REY 21 


6. A line drawn parallel to the base of an isosceles 
triangle makes equal angles with the sides or the sides 


produced. WX 

7. If the bisector of an exterior angle Asay 
of a triangle is parallel to the opposite side, Ware 
the triangle is isosceles. B C 


8. If through the three vertices of an isosceles triangle 
lines are drawn parallel to the opposite sides, they form an 
isosceles triangle. BR 

9. In the figure here shown, if AD = BC, 
and ZA=ZB, then DCis |l to AB. 


10. If a line drawn at right angles to 4 B 


AB, the base of an isosceles A ABC, cuts AC at P and BC 
produced at Q, then A PCQ is isosceles. 


Cc 
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Exercises. Congruence 


1. [f two sides and the included angle of one parallelogram 
are equal respectively to two sides and the included angle of 
another, the parallelograms are congruent. 


This proposition is occasionally required in courses of study. In 
proving it the method of § 40 should be used. 


2. If ina AABC a perpendicular is drawn from B to the 
bisector of ZA, meeting this bisector at X and AC or AC 
produced at Y, then BX=XY. 

3. If through any point equidistant from two parallel 
lines two lines are drawn cutting the parallels, they inter- 
cept equal segments on these parallels. C 

4. If, from the point where the bisector 
of an angle of a triangle meets the opposite 
side, lines are drawn parallel to each of the 
other sides, the segments of these lines cut i 
off by the sides are equal. 

5. The diagonals of a square are perpendicular to each 
other and bisect the angles of the square. 

6. If two line segments bisect each other at right angles, 
any point on either segment is equidistant from the ends 
of the other segment. 

7, If either diagonal of a parallelogram bisects one of the 
angles, the sides of the parallelogram are Q 


Q IP 


R 'B 


all equal. (ieee 
8. On the sides of any AABC the equi- 
lateral A BPC, CQA, ARB are constructed. 4 IR 


Prove that AP=CR = BQ. 

How can we prove that AABP is congruent to 
ARBC and that AARC is congruent to AABQ? Pp 
Does proving these facts establish the proposition? 
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Exercises. Sums of Angles 


1. An exterior angle of an acute triangle or of a right 
triangle cannot be acute. 

2. If the sum of two angles of a triangle is equal to the 
third angle, the triangle is a right triangle. 

3. If the line joining any vertex of a triangle to the 
midpoint of the opposite side divides the triangle into two 
isosceles triangles, the original triangle is a right triangle. 


4, If the angles at the vertices of two isosceles tri- 
angles are supplements one of the other, the base angles 
of the one are complements of those of the other. 

5. If from the ends of the base AB 
of a AABC perpendiculars to the other 
two sides are drawn, meeting at P, then 
ZP is the supplement of ZC. 


Here AP is | to AC and BP is | to BC. Con- 
sider the case in which AP is | to BC and BP is P 
to AC. ; 


A B 


6. The bisectors of two consecutive angles of a paral- 
lelogram are perpendicular to each other. 


7. If two sides of a quadrilateral are parallel, and the 


other two sides are equal but not parallel, the sums of 
the opposite angles are equal. 


\ 
8. If the exterior angles at B and C ean, és 
of any AABC are bisected by lines meet- 
ing at P, then 7P+42A=art.Z. A a 


2 B 
9. The opposite angles of the quadri- 
lateral formed by the bisectors of the interior angles of 
any quadrilateral are supplementary. 


10. The angles of a quadrilateral are x, 2, 2x, and 3a. 
How many degrees are there in each angle? 
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Exercises. Inequalities 


1. In the AABC the ZA is bisected by a line meeting 
BC at D. Prove that BA>BD, and that CA>CD. 


While less important than the suggestions given in § 128, the fol- 
lowing will be found helpful: 


If one angle is to be proved greater than another, try to show that 
it is an exterior angle of a triangle, or an angle opposite the greater 
side of a triangle. 

If one line is to be proved greater than another, try to show that it 
is opposite the greater angle of a triangle. 


2. If AD is the longest side and BC is the shortest side 
of the quadrilateral ABCD, then ZB>ZD and ZC>ZA. 

3. If a line is drawn from the vertex A of a P)° 
square ABCD so as to cut CD and to meet BC p 
produced in P, then AP>DB. 

4. If the angle between two adjacent sides 
of a parallelogram is increased, the length of 4 
the sides remaining unchanged, the diagonal from the 
vertex of this angle is diminished. 

5. If within a AABC a point P is taken such that 
CP=CB, as shown in this figure, then 
AB> AP. y, 

6. In a quadrilateral ABCD, if AD=BC 
and ZC < ZD, then AC> BD. Z Tas i 

7. In Ex.6 prove that ZB>ZA. 

8. Ina pentagon ABCDLit is given that ZA=ZB< ZC. 
Can you make any inference as to the equality or inequality 
of AC, BD, and BE? Explain your answer. Cc 

9. In the AABC, if AB>AC and if on 


AB and AC respectively BP is taken equal 
to CQ, then BQ>CP. 2 P 
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Exercises. Triangles 


1. If two triangles have two sides of one equal respec- 
tively to two sides of the other, and the angles opposite 
two equal sides equal, the angles opposite the other two 
equal sides are either equal or supplementary, and if equal 
the two triangles are C cr C 
congruent, 

Using superposition, 
as in § 40, and placing 
the corresponding parts A! D (AB A! Bee B’ 
in the usual way, since 
ZB’ = ZB, then B’A’ lies along what line? Then A’ lies on A or on 
some other point of BA, as D. If A’ lies on A, are AA’B’C’ and ABC 
congruent? 

If A’ lies on D, are AA’B’C’ and DBC congruent? 

Since CD=C’A’=CA, what is the relation of ZA to ZCDA? of 
ZCDA to ZBDC? of ZA to ZBDC? 

The triangles are congruent under what conditions with respect to 
4B and B’? with respect to 4A and A’? 


2. The midpoint of the hypotenuse of a right triangle 


is equidistant from the three vertices. C 
We have to prove that AM=BM, that CM=BM, 

or that BM is half of a line segment that is equal MM, 

to AC. 
This may be proved in several ways. Probably A i IB 


the simplest way with this figure is to prove certain 
triangles congruent. Another way would be to adapt the figure to § 83. 


3. If one acute angle of a right triangle is double the 
other, the hypotenuse is double the CG 
shorter side. 

This is the familiar 30°-60° right triangle used 
by draftsmen. 

If AM=CM, then AM=BM=CM, as in 


Ex. 2. The exercise then reduces to proving that ABCM is equilateral 
by proving that p= 2a=60°=q. 


Ae 


§ 133 TRIANGLES 103 


4. A median of a triangle is less than half the sum of 
the two adjacent sides. 


The student should attack this exercise by A 
analysis, beginning as follows: 
Given CM, a median of the A ABC. 
Prove that CM < }(BC+ CA). At i B 
‘T can show that CM < }(BC+CA) if Ican a i 
show that 2CM<BC+CA. Na 
This suggests producing CM by its own “i 
length to P and drawing AP. : 
Now CR=2, CM 
and I can show that 2CM<BC+CA 
if I can show that CP<BC+CA. 
But CP<AP+CA. Post. 3 
Hence CP<BC+CA 
if I can show that BO=AP, 


and this is true if AMBC is congruent to AMAP.”’ 
Now complete the analysis, then reverse the reasoning, and write 
out the proof in full. 


5. The diagonals of a rhombus intersect at right angles. 


6. The perpendiculars from two opposite vertices of a 
parallelogram drawn to the diagonal determined by the 
other vertices are equal. 

7, From the vertex A of a AABC the line AD is drawn L 
to BC. Consider the following statements and tell which 
ones are true in general. Then tell what other conditions 
must be given in order that the other statements shall 


be true: 
(1) BD=BC. 
(2) AD<}(AB+AC). 
(83) ZADB> ZB. 
(4) Hither ZCDA< ZB or ZCDA< ZC. 


id 
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Exercises. Review 


1. Make a list of the numbered propositions in Book I, 
stating under each the previous propositions upon which 
it depends either directly or indirectly. 


2. Make another list of the numbered propositions, stat- 
ing under each the subsequent propositions in Book I which 
depend upon it. 

3. The line joining the midpoints of the nonparallel 
sides of a trapezoid passes through the 


midpoints of the two diagonals. 

How is PQ related to AB and DC? Why? Since “f e 
PQ bisects AD and BC, how does it divide AC and A B 
BD? Why? 


4. The lines joining the midpoints of 
the consecutive sides of any quadri- 
lateral form a parallelogram. 

How are PQ and SR related to AC? 


5. If the diagonals of a trapezoid are equal, the trapezoid 


is isosceles. D Cc 
Construct DP and CQ Lio AB. How is AAQC [OK 
related to ABPD? Why? Then how is ZQAC Pann 
related to <PBD? Then how is AABC related to 4 —B 
ABAD? @ 


6. If, from the diagonal BD of a square ABCD, BP is cut 
off equal to BC, and PQ is constructed _L 
to BD, meeting the side CD at Q, then 2 bees i 
Pe PQ =. 

How is rt. ABQP related to rt. ABQC? Why? 
How many degrees are there in ZPDQ and in 
ZDQP? Then how is PD related to PQ? Why? 4 B 


7. Study Ex. 6 for the case of BP=+4 BD, and state and 
prove the resulting proposition. 
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Exercises. Applications 


1. In order to put in a brace which shall join two 
converging beams and make equal 
angles with them, a carpenter places 
two steel squares as here shown, so 
that OP= OQ. Prove that PQ makes 
equal angles with the beams. 

2. In what other way can you con- 
struct the line PQ in Ex.1 so that it shall make equal 
angles with the beams? 

3. Wishing to measure the distance AX in this figure, 
a boy placed a pair of compasses C on top of a post A so 
that one leg was vertical and the 
other pointed to X. He then turned 
the compasses around, keeping the 
angle fixed and the leg on the post 
vertical, and sighted along the other 
leg to Y. He then measured AY and 
thus found the distance AX. Explain the principle involved. 

4. Inthe figure, MM' represents a mirror 
and PQ is | to MM' at P. Ifa ray of light 
LP from a light L strikes the mirror at P, 
_ it is reflected to the eye at E in such a way 
that a=b. The line LL' is L to MM', and 
EPL' is a straight line. Prove that x=y 
and that y =z, and explain why the light 
appears to be at the same distance behind the mirror, at L’, 
that it really is in front of it, at L. 

5. This figure represents a parallel ruler which is used for 
drawing parallel lines. Explain how 
it may be used, and state the theorem 
upon which its principle depends. 
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6. It is proved in physics that two forces acting on 
an object O have the same effect as a single force known 
as their resultant. If, to scale, we let y 
OX represent a force of 300 lb. pulling ae 
in the direction OX, and OY a force of 
150 lb. pulling in the direction OY, the 3 a 
resultant is represented by the diagonal OR of the J OXRY. 
By measuring OR and 7 XOR we can find the magnitude 
and the direction of the resultant. Using a protractor and 
ruler, find the magnitude and the direction of the resultant 
of OX and OY in the above case. 


”%. Two forces at right angles to each other are exerted 
upon an object. One force is 500 lb. to the right and the 
other is 800 lb. upward. Find the resultant as in Ex. 6. 


8. Explain geometrically why this 
telephone extends horizontally when it 
is pulled out. State each proposition 
involved in the answer. What would 
be the effect on the direction if each bar extending 
from the top downward to the right were longer than 
each bar extending downward to the left? 


9. To ascertain the height of a tree or of the school 
building, fold a piece of paper so Cc 
as to make an angle of 45°, or take ay 
a draftsman’s 45-degree triangle; eA. nm — 
then walk back from the tree until eon) ‘ ‘ 
the top is seen at an angle of 45° ae “4 
with the ground, being careful to 
hold the base of the triangle level. In -41}—------------— . 
the figure prove that AB=AC, and X , 
hence that CX = AB+BY, where BY is the height of the 
observer’s eye above the ground. 
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10. This figure represents four hinged rods with AB= DC 
and AD=BC. As the angles change, does the figure con- 


tinue to be a parallelogram? Upon D, C 
what theorem does this depend? 

11. In the figure of Ex. 10, if ZA is ee 
125°, how large are 4B, C, and D? A B 


12. Explain how this instrument, in which the joint X 
can be moved along the rod OX, 
is used to bisect an angle with 
the sides of which the arms OA 
and OB can be made to coin- 
cide. State the propositions on 
which the explanation depends. 


On account of the joints and other 
mechanical features of such an instrument this method of bisection 
is not so nearly accurate as the construction given in § 103. 


13. The simple bridge construction here shown is occa- 
sionally used. The beams PA and P'A rest on the it 
pendicular support OA in the center / 
of the bridge. The rods OP and OP’ 
are fastened at O, P, and P’. Show 
by means of the congruence of cer- = 
tain triangles that the point O always remains directly 
beneath A. Why will the bridge support a weight? 


14. In laying out a tennis court it is desired to run a line 
through a point P |l to AB. This is a convenient method: 
Stretch a tape from P to any point Q P me 
on AB; then with Q as center swing ary RST pe 
the tape to cut ABat R; with Pandk if 
as centers and the same radius as before AI; —-B 
mark ares intersecting at S, and draw @ 

a line through P and S. Prove that PS is the line required. 
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15. In laying out a tennis court, another way of running 
a line through a point P |i.to AB is as follows: A line is 


drawn from P to Q, any point on AB, y P 
and the midpoint M of PQ is found © ee ae ? 
with a tape. Then from another point pee 


Xon AB the tape is stretched through 4,4 = B 
M, and a point Y is found such that @ 
MY = XM. Then CD, drawn through Y and P, is |l to AB. 


16. A board 8 in. wide is to be sawed into five strips of 
equal width. In order to draw the lines for sawing, a 
carpenter lays his steel square as 
here shown, placing the corner on 
one edge and the 10-inch mark 
on the other, and marks the board 
at the divisions 2, 4, 6, 8 on the 
square. He then moves the square 
along the board and repeats the * 
process. Prove that lines drawn through the corresponding 
marks satisfy the requirements. 


17. A dentist’s working table, in which bar x is fastened 
to bar y at right angles and table ¢ is 
fixed parallel to bar x, is attached to 
a vertical wall W as shown in this 
figure. State in full the geometric proof 
that table ¢t is always horizontal. 


18. This figure represents six hinged rods in which all 
the angles are right angles and P,Q, p R 
R, S bisect AB, BC, CD, DA respectively. 
Prove that the figure can be pulled into S 
different shapes, the angles then ceas- 
ing to be right angles, but that all the . P 
quadrilaterals will still continue to be parallelograms. 


BOOK II 


THE CIRCLE 
I. FUNDAMENTAL THEOREMS 


134. Properties of a Circle. From the definitions in § 22 
and from a study of the figure we see that a circle has 
- certain properties, among which are the following: 

1. All radi of the same circle or of equal circles are equal. 

2. All circles with equal radii are equal. 

3. All diameters of the same circle or of equal circles are 
equal. 

4, If a straight line intersects a circle in one point, it 
intersects 1t in two points and only two. 

5. If two circles intersect in one point, they intersect in 
two points and only two. 

6. A point is within, on, or outside a circle according as 
its distance from the center rs less than, equal to, or greater 
than a radius. 

7. A diameter bisects the circle and the surface inclosed, 


and conversely. 

These statements may. be taken as postulates and referred to as 
properties of a circle, although they are capable of proof. 

135. Central Angle. If the vertex of an angle is at the 
center of a circle and the sides are radii of the circle, the 
angle is called a central angle. 

An angle is said to intercept any arc cut off by its sides, 
and the arc is said to subtend the angle. Preferably, we 


speak of the are as having a central angle, and conversely. 
109 
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Proposition 1. Equal Angles have Equal Arcs 


136. Theorem. If two central angles of the same circle 
or of equal circles are equal, the angles have equal arcs; 
and if two central angles are unequal, the greater angle 
has the greater are. 


Given the equal © O and O' with central Z AOB= central 
Z.A'O'B' and with central ZAOC> central ZA'O'B'. 


Prove that are AB=arc A'B' and that arc AC> arc A'B'. 
_ The best plan is to place one figure on the other. 

Proof. Place © O on © O' so that Z AOB coincides with 
its equal, Z A'O'B'. Post. 5 

In the case of the same © simply swing one Z about O. 

Then A lies on A' and B on B'. $134, 1 


.. arc AB coincides with are A'B’, § 21 
because all points of each are equidistant from O’. 


Since ZAOC> ZA'O'B' and ZAOB=ZA'0'B', Given 


we have ZAOC>ZAOB. AxsD 
.. OC lies outside Z AOB, $6 

and hence arc AC > arc AB. Ax.10 
But arc AB=arc A'B’, Proved 


and hence arc AC> arc A'B'. Ax.5 
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Proposition 2. Equal Arcs have Equal Angles 


137. Theorem. If two arcs of the same circle or of 
equal circles are equal, the arcs have equal central 
angles; and if two minor arcs are unequal, the greater 
are has the greater central angle. 

Given the equal © O and O’ with arc AB = arc A'B', minor 
arc AC > minor arc A'B’, and the central 4 AOB, A'O'B', AOC. 

Prove that ZAOB=ZA'O'B' and that ZAOC>ZA'O'B'. 

The best plan, as in § 136, is that of superposition. 


Proof. Using the figure of $136, place © O on © O' so 
that OA shall lie on its equal, O'A', and the arc AB on its 


equal, the arc A'B’. Post. 5 
Then OB coincides with O'B'. Post. 1 
pe AOR = Ob. $10 

thus proving the first part of the theorem. 

Since are AC> arc A'B’, Given 
we have arc AC > arc AB, Ax.5 
because arc A’B’ is given equal to arc AB; 

and hence OB lies within Z AOC, 
because otherwise we could not have arc AC> arc AB. 
eee AOC 7A OB, Axed 
and hence ACC 220 -B, Ax.5 


thus proving the second part of the theorem. 
This proposition is the converse (§ 70) of the one in § 136. 


138. Chord. A straight line that has its ends spommanm 
on a circle is called a chord of the circle. 


A chord is said to subtend the arcs that it cuts from 
a circle, but it is more simple to speak of the chord of 
the arc. Unless the contrary is stated, the chord isto & 


© 
. . . Jor at 
be considered as belonging to the minor arc. 
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Proposition 3. Equal Arcs have Equal Chords 


139. Theorem. If two arcs of the same circle or of 
equal circles are equal, the arcs have equal chords; and 
if two minor arcs are unequal, the greater arc has the 
greater chord. 


Given the equal © O and O' with arc AB= arc A'B' and with 
minor arc AX > minor arc A'B'. 
Prove that chord AB = chord A'B' 


and that chord AX > chord A'B'. 


The plan is to show that two A are congruent and that the greater 
chord is opposite the greater Z of a A. 


Proof. Draw radii to A, B, X, A’, B’. Post. 1 
Since OA=0'A' and OB=O'B’, $ 124-1 
and ZAOB=ZA'0O'B' § 137 
we see that AOAB is congruent to AO'A'B', § 40 
and hence chord AB=chord A'B', § 38 


thus proving the first part of the theorem. 
Then in AOAX and O’A'B' we have 


OA=0'A' and OX=O'B’, §134,1 
while LAOX PLACE: $137 
... chord AX > chord A'B', § 126 


thus proving the second part of the theorem. 
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Proposition 4. Equal Chords have Equal Arcs 


140. Theorem. Jf two chords of the same circle or of 
equal circles are equal, the chords have equal arcs; and 
uf two chords are unequal, the greater chord has the 
greater minor are. 


Given the equal © O and O' with chord AB = chord A'B! and 
with chord AX > chord A’B’. 
Prove that arc AB=arc A'B' 


and that are AX > arc A'B'. 


The plan is to show that the equal chords have equal ’central 4 and 
that the central Z of the greater chord is opposite the greater side of aA. 


Proof. Draw radii to A, B, X, A’, B’. Post. 1 

Since OA=O'A'and OB=O'B’, §134,1 

and chord AB=chord A'B', Given 

we see that AOAB is congruent to AO'A'B', § 47 

.. ZAOB=ZA'0'B', § 38 

and hence arc AB=arc A'B’. § 136 
Then in AOAX and O'A'B’ we have 

OA=O'A' and OX=O'B', § 134, 1 

while chord AX > chord A'B', Given 

er AOx =A O'B,, § 127 


and arc AX > arc A'B’. § 136 
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Proposition 5. Diameter Perpendicular to a Chord 


141. Theorem. If a diameter is perpendicular to a 
chord, it bisects the chord and its two ares. 


Given the © O with a diameter PQ | to a chord AB at M. 


Prove that AM = BM, 
that arc AQ=arc BQ, 
and that arc AP=arc BP. 
The plan is to prove first that two A are congruent. 
Proof. Draw radii to A and B. Post. 1 
Since PQ is given | to AB, AAMOand BMOarert.A. § 20 
Then since OM = OM, Iden. 
and OA = OB, $1845). 
AAMO is congruent to ABMO. $71 
.. AM=BM. § 38 
Likewise, ZAOQ=ZBOQ, § 38 
and Z.POA-= ZPOB; Post. 9 
hence arc AQ = arc BQ, and arc AP= arc BP. § 136 


142. Corollary. If a diameter bisects a chord which is not 
itself a diameter, it ts perpendicular to the chord. 
Show that § 47 applies. 


> 
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143. Corollary. The perpendicular bisector of a chord 
passes through the center of the circle and bisects the arcs 
of the chord. 


How many  bisectors of the chord are possible? Then with what 
line must the 1 bisector coincide (§ 141)? Complete the proof. 


Exercises. Chords and Arcs 


1. The greater of two unequal major ares has the 
shorter chord. 
2. The greater of two unequal chords has the shorter 
major arc. 
3. If AABC is an equilateral triangle, find 
the number of degrees in the central 4 AOB, 
the reason in each case. 
4. If a radius bisects an arc it bisects the 
5. If a radius bisects a chord which is not A ie 
a diameter, it bisects its central angle. 
diameter it bisects the two arcs of the chord. 
7. The line bisecting the two arcs which have the same 
8. If a wheel has eight spokes, spaced 
equally, how many degrees are there in each 
the reason involved in the answer. 
9.°The chord of half an arc is greater than half the 


Prove that this follows from § 139. 
Prove that this follows from § 140. 
BOC, COA and in the arcs AB, BC, CA. State MS 
chord of that arc. 
6. If a diameter bisects a chord which is not i a 
chord is the perpendicular bisector of the chord. 
of the eight small arcs thus formed? State 
chord of the whole arc. 
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144. Tangent. An unlimited straight line which touches 
a circle at only one point is said to be tangent to the circle. 
Such a line is called a tangent to the circle. 


For example, in this figure ¢ is tangent to the y, 


circle at the point P. t 
The word ‘‘tangent’’ is from the Latin word 
tangere, to touch. Hence we may say that a line 
touches a circle instead of saying that it is tangent 
to the circle. If a line is tangent to a circle, the circle is also said to 
be tangent to the line. 


The point at which a tangent touches the circle is called 
the point of tangency or point of contact. 

Although a tangent is unlimited in length, when we 
speak of a tangent from an external point T 
to a circle we mean the segment between 
the point and the circle. P 


For example, the tangent from P to the circle 
here shown is the segment PT. 


145. Tangent Circles. Two circles which are both tangent 
to the same line at the same point are called tangent circles. 

Circles are said to be tangent externally or tangent 
internally according as they lie on opposite sides or on the 
same side of the tangent line. 

For example, in the first of these 
figures the circles are tangent exter- 


nally, and in the second figure they are 


tangent internally. t 


The point of contact of two tangent circles with the 
tangent line is called the point of contact or point of tan- 
gency of the circles. 

In the first of the two figures just above, the line t is 
called a common internal tangent, and in the second a cém- 
mon external tangent. 


§§ 144-148 TANGENTS LEG 


Proposition 6. Condition of Tangency 


146. Theorem. Jf a line is perpendicular to a radius 
at its end on the circle, the line is tangent to the circle. 


Given the © O with the line XY _ to the radius OP at P. 


Prove that XY is tangent to the ©. 
The plan is to show that all points on XY except P are outside the ©. 


Proof. Let A be any point on XY except P, and draw OA. 


Then OA > OP, § 122 
and hence A is outside the ©. § 134, 6 

Then every point on XY except P lies outside the ©, 
and hence XY is tangent to the ©. $144 


147. Corollary. If a line is tangent to a circle, it is perpen- 
dicular to the radius drawn to the point of contact. 


Since every point on XY except P is outside the ©, then OP is the 
shortest line segment from O to XY. Hence Z OPX is a rt. Z (§ 128). 


148. Corollary. [f a line is perpendicular to a tangent at 
the point of contact, it passes through the g 


center of the circle. 
A radius OT is | to a tangent at T(§ 147). If a1, 
say 7S, constructed to XY at T, did not coincide with 
this radius, we should have two Isto XY at thesame vy. ze Y 
point 7, which is impossible (Post. 10). 


118 FUNDAMENTAL THEOREMS BOOK II 


Proposition 7. Lengths of Tangents 


149. Theorem. The tangents to a circle from an exter- 
nal point are equal and make equal angles with the line 
joining the point to the center. 


Given PA and PB, tangents from an external point P to the 
© O, and also given PO, the line joining P to O. 


Prove that PA=PB 
and that ZOPA=/2 OFPB. 
The plan is to prove that two A are congruent. 
Proof. Draw the radii OA, OB. Post. 1 
Now PA is | to OA, 
and PB is | to OB, § 147 


because if a line is tangent to a O, it is L to the radius 
drawn to the point of contact. 


.. AAPO and BPO are rt. A. § 20 
Then in AAPO and BPO we have 
PO=PO, Iden. 
and OA=OB. § 134, 1 
.. AAPO is congruent to ABPO. § 71 
Hence PA=PB 


and ZOPA =Z.OPB. § 38 


§ 149 REVIEW EXERCISES 


aers 


19 


Exercises. Review 


1. A perpendicular from the center of a circle to a ae 
passes through the point of contact. 


2. In this circle the chords AM and BM are \ 
equal. Prove that M bisects the arc AB and M 
that the radius OM bisects the chord AB. 


3. If Pis a point on a circle such that it is 
equidistant from two radii OA and OB, then P 
bisects the are AB. B 

4. If five points A, B, C, D, E are so eee 
on a circle that AB, BC, CD, DE are equal ,) 
chords, then AC, BD, CE are equal chords, Al 
AD and BE are also equal chords. 


5. If tangents to a circle at the points 
A, B, C meet in P and Q, as here shown, © 
then AP+ QC = PQ. 


Apply § 149 twice. 


6. If a quadrilateral has each side @ P 
tangent to a circle, the sum of one pair 
of opposite sides equals the sum of the © 
other pair. R A 
In this figure show that SP+ QR=PQ+RS. D - 
B 
e 


SS 


A 
C 


Apply § 149 four times. 


7%. The hexagon here shown has each 
side tangent to the circle. Prove that 


AB+CD+ EF=BC+DE+FA. 


8. If a quadrilateral has each side tan- 
gent to a circle and if the vertices are 
joined to the center, the sum of the angles at the center 
opposite any two opposite sides is equal to a straight angle. 
ie 
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Proposition 8. Equal Chords 


150. Theorem. Hgual chords of the same circle or of 
equal circles are equidistant from the center. 


{SSR ee 
LT 


Given the © O with chord AB= chord CD. 


Prove that ABandCD are equidistant from O. 
The plan is to prove that two A are congruent. 


Proof. Let OP be | to ABand let OQ be L toCD. § 116 


Draw OA and OD. Post. 1 
Then AOAP and OD@Q are rt. A § 20 
with AP=%3AB and DQ=4CD. §141 
Since AB=CD, Given 
then AP=DqQ; Ax.4 
Also, OA=OD. § 134, 1 

.. AOAP is congruent to AODQ, §71 

and hence OP=0Q:;. § 38 
that is, AB and CD are equidistant from O. § 73 


Although equal © are mentioned here and in several subsequent 
theorems, it is evidently necessary to consider only a single ©. 


151. Corollary. Chords that are equidistant from the center 
of a circle are equal. 


If OP=0Q, then, since OA= OD, we have two congruent rt. A (§ 71). 
Then AP= DQ (§ 38), and hence AB=CD (§ 141 and Ax. 3). 
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Proposition 9. Unequal Chords 


152. Theorem. The less of two chords of the same circle 
or of equal circles is more remote from the center. 


Given the © O with chord CD< chord AB. 


Prove that CD is more remote from O than AB. 
In the figure the plan is to prove that OR > OP and that OS>OR. 


Proof. Since CD <AB, Given 
we have arc CD < arc AB. $140 
Suppose that are AX=arcCD, and draw AX. Post. 1 
Then AX =CI § 189 


Let the ls from O upon AB, CD, AX be OP, 0Q, OS 
respectively, and designate the intersection of OS and 


AB as R. § 116 
Then OS=0Q. § 150 
Equal chords --- are equidistant from the center. 
Also, Oh. > OP; § 122 
The 1 is the shortest line--- from a given external pont. 
But OS> OR, Ax. 10 
so that OS > OF, Ax.9 
and hence OQ> OP; Ax.5 


that is, CD is more remote from O than AB. § 73 
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Proposition 10. Chords Unequally Distant 


153. Theorem. If two chords of the same circle or of 
equal circles are unequally distant from the center, the 
chord more remote is the shorter. 


Given the © O with two chords, AB and CD, such that CD 
is more remote from O. 


Prove that CD <AB. 
The plan is to show that any other possibility violates § 152 or §150. 


Proof. Now CD must be greater than AB, equal to AB, 
or less than AB. 


ihe CD> AB, 
then AB is more remote from O. § 152 
If CD=AB. 
then AB and CD are equidistant from O. § 150 
But CD is more remote from O. Given 
ws CD <EAB: 


This proposition is the converse of the one in § 152. The student has 
probably concluded that where we have only three possible conditions, 
as we do in §$§ 150 and 152, the converses are always true. 


154. Corollary. A diameter of a circle is greater than any 
other chord. 


For no other chord can be as near the center. 
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Proposition 11. Parallels and Arcs 


155. Theorem. Jf two parallel lines intersect a circle 
or are tangent to it, they intercept equal ares. 


1. Given a © with AB, a tangent at P, || to a chord CD. 


Prove that arcCP= arc DP. 

The plan is to show first that certain arcs are equal by § 141. 

Proof. Let PP be to AR atL: Post. 10 

Then PP' is a diameter (§ 148), and is also L to CD (§ 63). 

Hence arc CP = arc DP. § 141 

2. Given a © with AB and CD, two || chords. 

Prove that are AC= arc.BD; 

Proof. Let XY, a tangent at Q, be Il to CD. § 52 

Then XY is ll to AB. $ 58 
.. arc AQ = arc BQ, and arcCQ=arcDQ. Case l 

Hence arc AC = arc BD. Ax. 2 

3. Given a © with ARP and CSD, two || tangents. 

Prove that arc RXS= arc RYS. 

Proof. Let chord XY be || to AB. § 52 


Now complete the proof by § 58, Case 1 (above), and Ax. 1. 
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156. Inscribed and Circumscribed Polygons. If the sides of 
a polygon are all chords ofa circle, the polygon is said to 
be inscribed in the circle; if the sides are all tangents, the 
polygon is said to be circumscribed about the circle. 


a 


Inscribed Polygon Circumscribed Polygon 


The circle is said to be cirewmscribed about the inscribed 
polygon and to be inscribed in the circumscribed polygon. 


157. Concentric Circles. Two or more circles which have 
the same center are said to be concentric. 
For example, the two circles in the first figure below are concentric. 


158. Line of Centers. The line determined by the centers 
of two circles is called the line of centers. 


OH 


For example, in the second figure above, the line AB is the line of 
centers of the © O and O’. 


159. Secant. A straight line which intersects a circle is 
called a secant. 


In this figure the line AB is a secant. 

It is readily inferred from the figure that a 
secant can intersect a circle in only two points, fs 
and the student should notice that this is further 
evidence of the truth of the statement given in 
§ 184, 4. This property of a circle will be stated and proved later as a 
corollary (§ 192) ; but until then § 184, 4, may be assumed asa postulate. 


A 


: 
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Exercises. Review 


1. If an equilateral triangle and a square are inscribed 
in a circle, the sides of the square are more remote from 
the center than the sides of the triangle. 


C. 
2. The shortest chord that can be drawn 4 BS B 
through a given point within a circle is 
the one which is perpendicular to the diam- a 


eter through the point. 
Show that any other chord CD, through P, is nearer O than is AB. 


3. In this figure, if the diameterCD bisects C 
the arc AB, then ZCBA=Z BAC. 

What kind of triangle is AABC? 

4. In two concentric circles it is given A PB 
that MN is a diameter of the larger circle D 


and PQ an intersecting diameter of the 
smaller circle. Prove that P, M, Q, and WN are the vertices 


of a parallelogram. C 

5. In this figure are AB> arc BC and OP 
and OQ are perpendiculars from the center (od 
upon AB and BC respectively. Prove that SN aa 
Zoro AOGP. 

6. Three equal chords AB, BC, CD are C 
taken end to end, and the radii OA, OB, OC, Ne 
OD are drawn. Prove that ZAOC=ZBOD Za 
and state any other pairs of equal angles. D ea 

”, All equal chords of a circle are tangent 
to a concentric circle. 

8. If anumber of equal chords are drawn 
in this circle, the figure gives the impres- 
sion of a second circle inside the first and 
concentric with it. Explain the reason. 
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9. If two circles are concentric, chords of the larger 
circle that are tangents to the smaller are equal. 


10. Two equal circles cut two equal chords from a secant 
drawn parallel to the line of centers. 


11. If two intersecting chords make equal 
angles with the diameter through their point 
of intersection, the chords are equal. 


12. If two equal chords intersect, the seg- 
ments of one are equal respectively to the 
segments of the other. 


13. In this figure, XY is a diameter _L to 
the || chords AB and CD, are BD= 40°, and A 
arc DX = 50°. How many degrees are there 
in the arcs XC, CA, AY, and YB? 


14. In this figure, XY is tangent to the 
circle at P, the chord AB is _L to the diam- 
eter PQ, and the are AQ=125°. How many 
degrees are there in arc BP? 


15. If from any number of points on the 
larger of two concentric circles tangents 
are drawn to the smaller circle, these tangents are equal. 


16. In this figure, AP and CQ are parallel eae? 
tangents which are cut by a third tangent \ 
QP. If O is the center of the circle, prove 
that ZPOQ =90°. 

What is the relation of the 4QPA and CQP? A 


How do OP and OQ divide these angles? Now consider the angles 
of the APQO. 


zs) 


Q 
+} 
wy 


v 


> > 
<} 
why 


as 


v 


17, If AB is a diameter of a circle with center O, and if 
BC is any chord from B, then a radius OP which is || to BC 
and lies within “CBA bisects the are CA. 


- 
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Proposition 12. Tangent Circles 


160. Theorem. If two circles are tangent to each other, 
the line of centers passes through the point of contact. 


Given the © O and O' tangent at P and the line of centers OO’. 


Prove that  Pison the line of centers. 
The plan is to show that OO’ is L to the common tangent, which is 


ieft for the student to prove. Although §§ 160 and 161 are not required 
in standard courses, they have many interesting applications. 


' Proposition 13. Line of Centers 


161. Theorem. Jf two circles intersect, the line of cen- 
ters is the perpendicular bisector of their common chord. 


The proof of this proposition is left for the student. 
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Exercises. Review 


Describe the relative position of two circles uf the line 
segment joining the centers is related to the radii as stated 
in Exs. 1-3, and illustrate each case by a figure: 


1. The segment is greater than the sum of the radii. 
2. The segment is equal to the sum of the radii. 


3. The segment is less than the sum but greater than 
the difference between the radii. 


4. If two circles are tangent externally, the tangents 
to them from any point on the common internal tangent 
are equal. 


5. If two circles tangent externally are tangent to a line 
ABat A and B, their common internal tangent bisects AB. 


6. The line drawn from the center of a circle to the 
point of intersection of two tangents is the perpendicular 
bisector of the chord which joins the points of contact. 


7. The diameters of two circles are 8.15 in. and 6.22 in. 
respectively. Find the distance between the centers of the 
circles if they are tangent externally. Find the distance 
between the centers of the circles if they are tangent 
internally. 


8. Three circles of diameters 2.4 in., 1.8 in., and 2.1 in. 
are tangent externally, each to the other two. Find the 
perimeter of the triangle formed by joining the centers. 


9. If two circles tangent externally at P are tangent to 
a line ABat A and B, then 7BPA= 90°. 


10. If two radii of a circle, at right angles to each 
other, when produced are cut at A and Bby a tangent to 
the circle, the other tangents from A and B are parallel 
to each other. 
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162. Measure. The number of times a quantity contains 
a unit of the same kind is called the numerical measure of 
the quantity, or simply its measure. 

For example, the numerical measure of the length of a room in feet 
is the number of times the length contains the unit of length, 1 ft. 

163. Commensurable Magnitudes. Two magnitudes of the 
same kind which can both be expressed as integers in terms 
of a common unit are called commensurable magnitudes. 


For example, 2} sq. ft. and 3 sq.ft. are commensurable, for } sq. ft. 
is contained 9 times in the first and 12 times in the second. In this case 
the common unit taken was } sq. ft.; but any unit fraction, say }, of 
this unit is also a common unit. 


Any common unit used in measuring two or more com- 
mensurable magnitudes is called a common measure of the 
magnitudes. Each of the magnitudes is called a multiple 
of any common measure. 

164. Incommensurable Magnitudes. Two magnitudes of 
the same kind which cannot both be expressed in integers 
in terms of a common unit are called incommensurable 
magnitudes. 

The diagonal and the side of a square are, as we shall later prove, 


incommensurable lines. We also have incommensurable numbers such 
as 2 and V3, for there isno number which is contained in both of these 


numbers without a remainder. 
165. Ratio. The quotient of the numerical measures of 
two magnitudes expressed in terms of a common unit is 


called the ratio of the magnitudes. 
Thus, if a room is 20 ft. by 35 ft., the ratio of the width to the length 
is 20 ft. + 35 ft., or 32, which reduces to #. Here the common unit is 1 ft. 


The ratio of a to b is written = or a:0, as in arithmetic and algebra. 


While we shall ordinarily use the first form, the form a:5 is some- 
times convenient. Thus the ratio of 20° to 30°, which is 39, or 3, may 


also be written 2:3. 
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166. Incommensurable Ratio. The ratio of two incommen- 
surable magnitudes is called an incommensurable ratio. 

Although the exact value of such a ratio cannot be 
expressed by an integer, a common fraction, or a decimal 
fraction of a limited number of places, it may be expressed 
approximately. For example, \/2 =1.41421356 -- +, which 
is greater than 1.414213 but less than 1.414214, and there- 
fore differs from either by less than 0.000001. 

By carrying the decimal further an approximate value 
may be found that will differ from the ratio by less than a 
billionth, a trillionth, or any other assigned value. That is, 
for practical purposes all ratios are commensurable. 

For the present we shall consider only the ratios of commensur- 
able geometric magnitudes. For the incommensurable cases see the 
optional work in §§ 312, 313. 

167. Segment. A portion of a plane bounded by an arc 
of a circle and its chord is called a segment of the circle. 

In the figure of § 168 the part above the chord AB is a minor seg- 
ment of the circle, and the part below is a major segment. 

168. Inscribed Angle. An angle with its vertex on a circle 
and with chords for its arms is called an 
anscribed angle. 

In the figure here shown, i is an inscribed angle. 


An angle is said to be inscribed in a 

segment if its vertex is on the are of the 

segment and its arms pass through the ends of the arc. 
In the figure above, 7 is inscribed in the minor segment. 


169. Sector. A portion of a plane bounded by two radii 


and the are of the circle which is cut off B 


A B 


by the radii is called a sector. 


In this figure the shaded portion A OB is a sector of 
the circle. If AB is a quarter of the circle, it and its 
sector are each called a quadrant. 
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Proposition 14. Central Angles 


170. Theorem. Two central angles of the same circle 
or of equal circles have the same ratio as their arcs, 


Given the © O with the central 4 AOB and BOC. 


ZAOB _ are AB. 
ZBOC are BC 


The plan is to assume that the Aand their arcs are commensurable. 


Prove that 


Proof. Suppose that some ~AOM is contained 3 times 


in ZAOB and 5 times in Z BOC. $163 

ZAOB..o*ZAOM 3 
— Vt 4AUM _o, § 

yaen ZBOC 5-ZAOM 5 ie 

Construct <4 equal to ZAOM as shown. § 106 

Then the ares of these 4 are equal, § 136 
arcAB_3-arc AM _ 3 

=o oS. $165 
ma areBC 5-arcAM 5 

Hones ZAOB _arc AB. ‘Ax 5 


ZBOC are BC 


The proof is the same if any other numbers are used. 


171. Angle and Arc Measure. Since the central angles 
contain the same number of units as their arcs, the 
angles and their arcs have the same numerical measure, 
Briefly stated, a central angle is measured by its are. 
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Proposition 15. Inscribed Angle 


172. Theorem. An inscribed angle is measured by half 
its intercepted are. 


Given the © O with the inscribed 2B intercepting arc AC. 


Prove that ZBis measured by + arc AC. 
In the first figure the plan is to show that 72B=}ZAOC. 


Proof. 1. If O is on AB, draw OC. Post. 1 
Then since OC’ =.0B, § 134, 1 
we have OBL GC. § 42 
Then since 48+2Z2C=ZA0CG § 66 
we have 2 2B=2A0Gy Ax.5 
whence ZB=3 ZAOC. Ax.4 
Since Z AOC is measured by are AC, §171 
then + Z AOC is measured by 4 arc AC. Ax. 4 
.. ZB is measured by 4 arc AC. Ax. 5 


2. If O lies within ZB, draw the diameter BD. Post. 1 
Then Z ABD is measured by 4 arc AD, 
and Z DBC is measured by 4 are DC. Case 1 
... ZABD+ ZDBC is measured by } arc(AD+ DC); Ax.1 
that is, ZB is measured by 4 are AC. Ax. 10 
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3. If O lies outside ZB, draw the diameter BD. Post. 1 
Then Z DBC is measured by 3 arc DC, 


and Z DBA is measured by dare DA. Case 1 
... ZDBC — ZDBA is measured by } are (DC — DA); Ax. 2 
that is, Z Bis measured by 4 are AC. Ax.5 


It should be observed that the expression ‘‘ 7B is measured by 
3 arc AC’”’ is only a shortened form for the expression ‘t The measure 
of 2B=the measure of } ave AC.’’ Furthermore, ‘‘ measure of } arc 
AC’”’ is equivalent to ‘‘ } the measure of are AC,’’ and hence the first 
expression is really an equation and the axioms of equations may be 
applied. 

173. Corollary. An angle inscribed in a semicircle is a 
right angle. A 


Show that 2A is half the central st. ZBOC. ~~» 

Instead of proving the corollary in this way, itmay p iC 
be shown that 2 A is measured by half of what arc? oe 
It is then what kind of 2? 

174. Corollary. An angle inscribed in a segment greater 


than a semicircle is an acute angle, and an angle inscribed 
in a segment less than a semicircle is an 


A 
obtuse angle. 
In giving the proof draw the radii OC, OD. Then (~ 
show that 2A is half the ZCOD. Finally, show that C D 
_ ZB is half the reflex Z DOC (§ 16), which is greater Se 
han ast: 
175. Corollary. Angles inscribed in_ the B 
same segment or in equal segments are equal. e% 
Show that each of the 4A, B, C is half the same D IB 
central Z. 
176. Corollary. If a quadrilateral is in- 
scribed in a circle, the opposite angles are supplementary. 


Consider 4A and B in the figure of § 174. Their sum is measured by 
half the sum of what two arcs? Give the proof in full. 
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Exercises. Review 


1. The shorter segment of the diameter through a given 


point within a circle is the shortest line 

that can be drawn from that point to the (PES 

circle. B = 
Let P be the given point. Prove that PA is shorter ae 

than any other line PX from P to the circle. 


2. The longer segment of the diameter through a given 
point within a circle is the longest line that can be drawn 
from that point to the circle. 


3. The diameter of the circle in- R Als 
scribed in a right triangle is equal to “CaN 
the difference between the hypotenuse 4 B 
and the sum of the other two sides. 

4. A line from a given point outside a circle passing 
through the center contains the short- 
est line segment that can be drawn 
from that point to the circle. 

Let P be the point and O the center. How 
does PC + CO compare with PO? 

5. Through one of the points of inter- 
section of two circles a diameter of each 
circle is drawn. Prove that the line which 
joins the ends of the diameters passes 
through the other point of intersection. 

6. The captain of a ship sailing along 
the course AB is informed by his chart 
that the horizontal danger angle (7 L'XL) 
for a reef lying off the coast near two 
lighthouses Z and L' is 80°. How ean the 


captain avoid the reef and where should 
he change his course? 
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Proposition 16. Tangent and Chord 


177. Theorem. An angle formed by a tangent and a 
chord drawn from the point of contact is measured by 
half its intercepted are. 


Given a © with the tangent MN, through P, and the chord 
PQ making the 7 x. 


Prove that x is measured by + arc PSQ. 


In the figure the plan is to show that «= y, that the ares QSP and 
PR are equal, and then to apply §172. 


Proof. Suppose that chord QR is Il to MN, thus forming 


Zy in the figure. § 52 
Then c= 7, § 61 
and arcisQ = are PR, § 155 
Also, y is measured by 3 arc PR. §172 
.". 2 is measured by 4 arc PSQ. Ax.5 


It may be shown that 2 NPQ in the above figure is measured by 
‘arc PRQ. This is done by showing that the st. NPM is measured 
by half the entire ©, and that if we subtract x and } are QSP, we 
have left Z2NPQ and 4arcPRQ. 

It is instructive to consider the arc by which x is measured as 
PQ swings about P, first when PQ is 1 to MN and then when PQ lies 


along PN so that x is a st. Z. 
[y 
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Proposition 17. Two Chords 


178. Theorem. An angle formed by two chords inter- 
secting within a circle is measured by half the sum of 
its intercepted arc and that of its vertical angle. 


Given a © with 2 x formed by the chords AC and BD. 


Prove that x is measured by }(arc AB+ arc CD). 
The plan is to show that x = 2 C+ ZB, and then refer to § 172. 


Proof. Draw BC. Post. 1 


Then ¢=206+Z2 8. § 66 
An exterior Z of a A is equal to the sum of the two 
nonadjacent interior 4. 


Also, ZC is measured by dare AB, 
and ZB is measured by } are CD. § 172 
... © is measured by 3 (are AB+ are CD). Ax.1 


It is interesting to discuss this theorem along the following lines: 

If P is the vertex of 2x, and if we move P to the center of the ©, 
to what previous proposition does this one reduce? 

If P is on the ©, as at D, to what previous proposition does this 
one then reduce? 

Suppose that the point P remains as in the figure, and that the 
chord AC swings about P as a pivot until it coincides with the 
chord BD. What can then be said of the measure of 4APB and CPD? 
What can be said as to the measure of 4 DPA and BPC? 
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Proposition 18. Two Secants 


179. Theorem. An angle formed by two secants, by a 
secant and a tangent, or by two tangents drawn to a 
circle from an external point is measured by half the 
difference between its intercepted arcs. 


Given two lines PX and PY from an external point P, cutting 
off on a © two arcs b and d such that b>d. 


Prove that ZP is measured by }(b—d). 
The plan is to show that 7 P= b’—d’, and then to apply §§ 172, 177. 


Proof. In the figures as lettered above, we have an 
angle formed by two secants (Case 1), by a secant and a 
tangent (Case 2), and by two tangents (Case 8). 


In each figure draw BD. Post. 1 
In each case, since 2ZP+d'=)', § 66 
we have ZP=b'—d’. Ax. 2 

Then b' is measured by 3 8, 
and d'is measured by 2 d. §§ 172,177 
.. ZP is measured by 3(b — d). Ax.5 


If the secant PY swings around to tangency, it becomes the tan- 
gent PB, and Case 1 becomes Case 2. If PX also swings around to 
tangency, it becomes the tangent PD, and Case 2 becomes Case 3. 
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Exercises. Measure of Angles 


1. If two circles are tangent externally and if two line 
segments drawn through the point of 4 M D 


contact are terminated by the circles, the Pz 


chords which join the ends of these lines 
are parallel. 


This can be proved if it can be shown that ZA 
equals what angle? To what two angles can these angles be proved 
equal by §177? Are those angles equal? 


2. If one side of a right triangle is the diameter of a 
circle, the tangent at the point where the 


A 
circle cuts the hypotenuse bisects the other 
side of the triangle. ie 
If OM is || to AC, then because BO = OA, what is SS 
the relation of BM to MC? The proposition there- 7 a 
fore reduces to proving that OM is || to what line of M 


AABC? Thiscan be proved if 7 BOM can be shown equal to what angle? 


3. The radius of the circle inscribed in an equilateral 
triangle is equal to one third the altitude A 
of the triangle. 


How can it be proved that AP is L to BC and Q Li 
passes through O? How many degrees are there 
in arc PQ? in areQR? Can you prove that OQ = ras. foi 
QR=AR? Can you thus prove that AR=}AP? B Vie! c 


4. If two lines are drawn parallel to the sides through 
any point on a diagonal of a square, the points where these 
lines meet the sides lie on a circle whose p_y. 
center is the point of intersection of the hie x 
diagonals of the square. 

It can be shown that OY= OZ if what two tri- 
angles are congruent? How can you prove these 


triangles congruent? Then how can you prove 4 w B 
that OY= OX and that OX=OW? 
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: II. Loct 


180. Meaning of Locus. The Latin word for place is locus, 
the plural of which is oct (usually pronounced 16'si in mathe- 
matics). In speaking of the place where certain points lie, 
it is often convenient to speak of it as the locus of the 
points. For example, if a gun at G in this 
figure can be turned through an angle of 
120°, and if the projectile will fall at some 
point between 5000 yd. and 9000 yd., depend- 
ing upon the angle at which the gun is ele- 
vated, the locus of the points at which the projectile may 
fall is a certain region which is represented by the shaded 
part of the figure. 

While it is proper to represent a locus as a surface, a portion of 
space, a line, or even a point, it is the custom in plane geometry to 
study only those loci which are lines. All the definitions and discus- 
sions of loci in Book II refer to loci in a plane. 


The following statements concerning loci are so evident 
that they may be treated as postulates: 

1. The locus of points at a given distance d from a given 
line « is a pair of lines, | and l', 1————>- 
parallel to « and at the distance d foes eters 
from it. i ¥ 

It is then said that any point on / or l' satisfies the con- 
dition that it is at the distance d from ~. 

Instead of speaking of the locus of points that satisfy a given con- 
dition, we may speak of the locus of a point as satisfying the condition. 


l 


2. The locus of points equidistant from a given 
point is a circle whose center is the given point. 

Since the circle is a very obvious locus, the subject 
of loci is considered in Book II. 
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181. Proof of aLocus. To prove that a certain line or group . 
of lines is the locus of points that satisfy a given condition, 
it is necessary and sufficient to prove two things: — 

1. Every point on the line or lines satisfies the given 
condition ; 

2. Every point which satisfies the given condition lies on 
the line or lines. 


If we can prove this for any point whatsoever, that is, not merely 
for some special point, it is evidently true for every point. 

One of the best ways of determining a locus is to take on paper a 
number of points which satisfy the given condition and then try to 
determine on what line or lines they lie. 


Exercises. Loci in a Plane 


State without proof the following loci: 
1. The locus of the tip of the hour hand of a watch. 


2. The locus of the center of the hub of an automobile 
wheel as the car moves straight ahead on a level road. 


3. The locus of the tips of a pair of shears as they open, 
provided the bolt which holds the blades together remains 
always fixed in one position. 


4. The locus of the center of a circle that rolls around 
another circle, inside or outside, and always just touches it. 
Draw the following loci, but give no proofs: 


5. The locus of points } in. below the base of a given 
A ABC, and also of points 3 in. above the base. 


6. The locus of points j in. from a given line AB. 
7. The locus of points }in. from a given point O. 


8. The locus of points + in. outside the circle drawn with 
a given point O as center and a radius of 1in. 
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Proposition 19. Perpendicular Bisector 


182. Theorem. The locus of points equidistant from two 
points is the perpendicular bisector of the line segment 
joining them. 


Given two points A and B, and /, the _L bisector of AB. 


Prove that every point on | is equidistant from A and B 
and that every point equidistant from A and B lies on l. 


The plan is first to apply § 117. 

Proof. From P, any point on J, draw PA, PB. Post. 1 
Then PA=PB. §117 
This proves the first part of the theorem. 


Let P be any point in the plane such that PA=PB. 


Suppose that PM bisects Z APB. Post. 8 
Then AAMP is congruent to ABMP. § 40 
... AM = BM, and the & at M are equal. § 38 

Hence the A at M are rt. 4, §13 
and PM is L to AB. §14 


Since there is only one point of bisection (Post. 7), and 
since only one can be constructed at M (Post. 10), PM is 
the _L bisector of AB; that is, P lies on l. 


This proves the second part of the theorem. 
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Proposition 20. Bisector of an Angle 


183. Theorem. The locus of points equidistant from two 
given intersecting lines is the pair of lines which bisect 
the angles formed by them. 


Given two lines AC and BD intersecting at O, and 7 and I’, 
the bisectors of 4 AOB and BOC respectively. 


Prove that every point on l or l' is equidistant from AC 
and BD and that every point that is equidistant from 
AC and BD is on Ll or Ul’. 

The plan is to prove the two statements of § 181. 


Proof. Let P be any point on l, 
and let PQ be L to AC and PR be L to BD. §116 
Since Z AOB is bisected by I, Given 
then rt. AOQP is congruent to rt. AORP. § 68 


.. PQ=PR, or P is equidistant from AC and BD. § 38 
Let P be any point in the plane such that L PQ=_l PR. 


Draw PO. Post. 1 
Then rt. A OQP is congruent to rt. AORP. B71 
~. LAOPe= 7 BOP: § 38 


that is, Plieson the bisector of ZAOB, oronl.  Post.8 
Evidently both parts of the same proof hold for J’ and ZBOC. 
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184. Incenter of a Triangle. There are four propositions 
relating to loci which are often given as exercises ; but 
because of their special interest they are here given more 
prominence, although their inclusion as fundamental propo- 
sitions is optional. The first of these propositions relates 
to the bisectors of the angles of a triangle. 


Theorem. The bisectors of the angles of a triangle 
meet in a point equidistant from the three sides. 


In giving the proof the student should first show that the bisectors 
of AA and B intersect as at O. Then prove that O is equidistant 
from AC and AB, also from BC C 
and AB, and hence from AC and 
BC. Then by §183 prove that O 
lies on the bisector CZ. 


This point is called the in- asl aa 
; A B 


center of the triangle. 


The reason for using this term will appear in § 193, where the prob- 
lem which gives this theorem its importance is considered. 


185. Circumcenter of a Triangle. The second proposition 
in this group relates to the perpendicular bisectors of the 
sides of a triangle. 


Theorem. The perpendicular bisectors of the sides of 
a triangle meet in a point equidistant from the vertices. 


In giving the proof, show that the  bisectors of the two sides BC 
and CA intersect as at O. Then prove C 
that O is equidistant from B and C, 
also from A and C, and hence from A 
and B. Then prove that O lies on the L ; 


12 
bisector PP’. Zi 
This point is called the circum- i . 


center of the triangle. ro 
The reason for using this term will appear in the problem of § 188. 
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186. Orthocenter of a Triangle. The third proposition re- 
lates to the altitudes ($ 74) of.a triangle. 


Theorem. The altitudes of a triangle meet in a pornt. 


In giving the proof let the 
altitudes be AQ, BR, and CP. 
Through A, B, C draw B’C’, 
C’A’, and A’B’ |l to CB, AC, 
and BA respectively. Then 
prove that C’A=BC=AB’ 
What is the relation of AQ to 
B’C’? In the same way prove 


that BR and CP are the  bi- if, 
sectors of the other sides of the & 
AA’B’C’. Then apply § 185. 


This point is called the orthocenter of the triangle. 
The prefix ‘‘ortho-’? means straight, and this center is found by 
drawing lines from the vertices straight (perpendicular) to the sides. 


187. Centroid of a Triangle. The last proposition relates 
to the medians ($ 182) of a triangle. 


Theorem. The medians of a triangle meet in a point 
which is two thirds of the distance from each vertex 
to the midpoint of the oppo- 
site side. 


In giving the proof let any two 


NS 
L >< 
medians, as AQ and CP, meet as at 
O. Then if Y is the midpoint of AO ee 
and X of CO, prove that YX and PQ A P 

are |lto AC and equal to} AC. Then 

prove that AY=YO= OQ, and that CXK=XO=OP. Hence any median 


cuts off any other median two thirds of its length from the vertex. 


This point is called the centroid of the triangle. 


The syllable ‘‘-oid’’ means like, so that the word ‘centroid’? means 
centerlike. This point is the center of gravity of the triangle. 


B 
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Exercises. Circular and Straight-Line Loci 


1 The locus of the vertex of a right triangle which has a 
given hypotenuse as base is the circle constructed upon this 
hypotenuse as diameter. 


2. The locus of the vertex of a triangle which has a given 
base and a given angle at the vertex is the are which forms 
with the base a segment of a circle in which the given angle 
may be inscribed. 


3. Two forts are placed 28 mi. apart on opposite sides 
of a harbor entrance. Each fort has a gun with a range of 
16 mi. Draw a plan showing the area which can be exposed 
to the fire of both guns, using a scale of + in. to a mile. 


4. A straight rod AB moves so that 
its ends constantly touch two fixed rods 
which are perpendicular to each other. 
Find the locus of its midpoint M. 


5. Show how to locate a light equidis- ~ 
tant from two intersecting streets and Zoe 


48 ft. from the point of intersection,as 
shown in the figure. 


6. A line moves so that it re- . 


B 
mains parallel to a given line and Coe 
so that one end lies on a given circle. mas ae 
Find the locus of the other end. 


7. A circle of center O' and radius 7’ rolls around a fixed 
circle of radius 7, always touching the fixed circle. What 


Aa 


is the locus of O'? Prove it. Q 
8. Find the locus of the mid- RE a 
point of a line segment drawn pac (at) 


from a given external point to a 
given circle. 
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9. A water main has a gate located at a point 9 ft. from 
a certain lamp-post which stands on the edge of a straight 
sidewalk. The gate is placed 4ft. from the edge of the 
walk, toward the street. Draw a plan showing every pos- 
sible position of the gate and state the principles involved. 


10. During a war a man buried some valuables. He re- 
membered that they were buried north of an east-and-west 
line which joined two trees 140 ft. apart, and that the point 
was 80 ft. from the eastern tree and 100 ft. from the western 
tree. Draw a plan to the scale of 1 in. = 20 ft., indicate 
the point where the valuables were buried, and state the 
geometric principle involved. 


11. Find the locus of the center of a circle that passes 
through a given point between two 4. ee 
parallels and cuts equal chords of a ee fie ee 
given length from them. AST GA Ocenia 


Let P be the given point, AB, CD the C—+—~—*~—__-“—__D 
given parallels, and MN the given length. J 

Since the circle cuts equal chords from 
two parallels, what must be the relative distance of its center from 
each? Then what line is one locus for O, the center of the circle? 

Construct the perpendicular bisector of MN, cutting XY at S. How 
does SM compare with the radius of the circle? What is then another 
locus for O? How can we then locate O so as to 


satisfy the given conditions? xX 
. . . . d/ 1\ 
12. Find the locus of a point equidistant ree 


from two given points P, Q and at a given 
distance d from a third given point R. 
13. Find the locus of the center of a 


circle that has a given radius and passes NS’ 
through two given points. ; 


14, What is the locus of the midpoints of a number of 
parallel chords of a circle? Prove it. 
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III. FUNDAMENTAL CONSTRUCTIONS 
Proposition 21. Circle about a Triangle 


188. Problem. Circumscribe a circle about a given 
triangle. 


Given the A ABC. 


Required to circumscribe a © about A ABC. 
The plan is to show that the intersection of the 1 bisectors of two 
sides of the A is the center of the required ©. 


Construction. Construct the _ls bisecting the sides AB 
and AC as at M and N respectively. §§ 102, 104 

These Is meet, as at O, or else are Il. If ON is ll to OM, 
then ON is L to AB($ 63), and hence AB is || to AC ($57). 
But this is impossible, since AB and AC form ZA (§ 6). 

With O as center and OA as radius, construct a ©. Post. 4 


Then © ABC is the required ©. 
Proof. O is equidistant from A and B, 
and O is equidistant from A and C. § 182 
.. Ois equidistant from A, B, C. 
Hence the ©O passes through A, B,C. § 134, 6 


189. Corollary. Given a circle or an are, find the center 


of the circle. 
Take three points on the © or arc and apply §188. 
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190. Corollary. Through any three given points not lying 
in a straight line one circle and only one can pass. 

The points may be considered as the vertices of a A, and hence a © 
can pass through them (§ 188). 

Since the points are not in a st. line (given), points equidistant from 
A, B, and C in the figure of § 188 must lie on MO and NO (§ 182). Since 
these lines can intersect in only one point, O, only one © is possible. 


191. Corollary. Two distinct circles can have at most two 
points in common. 


Because if they have three points in common, they will coincide ($190). 


192. Corollary. A straight line can intersect a circle in at 
most two points. 
This corollary, which is essentially § 134, 4, is introduced at this point 


because of its analogy to § 191. 
Suppose that the st. line ABC can intersect the O O 


in A, B, C. ThenOA=OB=OC (§ 134, ). C 
Hence ZOCB=2ZCBO and ZOBA=2ZBAO (§ 42), 
and thus each is less than a rt. Z (§ 65). aoe 


Hence if the supposition were true, we should have 
three equal obliques from O to ABC; but this is impossible (§ 119). 


Exercises. Constructions 
1. Bisect a given are. 


2. Upon a given line segment as a chord, construct a seg- 
ment of a circle in which a given angle 
may be inscribed. 

Proceed as follows: 

Given the line segment AB and the /m. 

Required on AB as a chord to construct 


a segment of a © in which Zm may be 
anscribed. 


Construction. Construct 2 ABX =m (§ 106). 
The rest of the construction is readily inferred from the figure. 
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Proposition 22. Circle in a Triangle 


193. Problem. Inscribe a circle in a given triangle. 


‘e 


‘. 
¢ 


Given the A ABC. 
Required to inscribe a © in AABC. 


The plan is to show that the intersection of the bisectors of two 4 of 
the A is the center of the required ©. 

The construction and proof, which are suggested by the figure, are 
left for the student. 


194. Centers of a Polygon. The center of a circle cir- 
cumscribed, if possible, about a polygon is called the 
circumcenter of the polygon. 

The center of a circle inscribed, if 
possible, in a polygon is called the in- 
center of the polygon. 

The intersections of the bisectors of 
the exterior angles of a triangle are the 
centers of three circles, each of which is 
tangent to one side of the triangle and to 
the other two sides produced. These three circles are called 
escribed circles, and their centers are called the excenters of 


the triangle. 
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Proposition 23. Constructing a Tangent 


195. Problem. Through a given point construct a tan- 
gent to a given circle. 


os 


> PM, 
1 


Given the point P and the © O. 


Required through P to construct a tangent to the ©. 
The plan is to construct a line which shall make a rt. Z with a radius. 


Construction. 1. If Pis on the ©, draw OP. Post. 1 
At P construct XY Ito OP. $104 
Then XY is the required tangent. 
2. If P is outside the ©, draw OP. Post. 1 
Bisect OP, as at X. § 102 
With X as center and XP as radius, construct a © inter- 
secting ©O as at M and N, and draw PM. Posts. 4, 1 
Then PM is the required tangent. 
Proof. 1. Since XVis = Ww OPr Const. 
XY is tangent to the © at P. § 146 
2. Drawing OM, ZPMOisart. Z. § 1738 
... PM is tangent to the © at M. § 146 


In like manner we may prove that PN is tangent to the ©. 
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Exercises. Constructions 


1. If two opposite angles of a quadrilateral are supple- 
mentary, the quadrilateral can be inscribed 
in a circle. GC 


Apply § 188 to constructing a circle through A, B, C. A 
Prove that if the circle does not pass through D also, 

2D is greater than or less than some other angle that D 

is supplementary to ZB, which is impossible. 


2. Ina AABC construct PQ |i to the base AB and cutting 
the sides in P and Q so that PQ=AP+BaQ. 


Assume for the moment that the problem is solved. 

Then AP must equal some part of PQ, as PX, 
and BQ must equal QX. 

But if AP= PX, what must Z PXA equal? 

Since PQ is |I to AB, what does Z PXA equal? 

Then why must 72BAX=ZXAP? 

Similarly, what about ZQBX and 7 XBA? 

Now reverse the process. What should we do to 4A and B in order 
to fix X? Then how shall PQ be constructed? Now give the proof. 


B 


3. Construct a line intersecting two sides of a tri- 
angle and parallel to the third side, such that the part 
intercepted between the two sides has a 
given length. 

If PQ=d and if QR is || to PA, what does AR 


equal? Then what two constructions must you RQ 
make in order to locate Q? 


4. Construct a triangle, given one side, an adjacent 
angle, and the difference between 4p sc" 
the other two sides. (a 


If AB, ZA, and the difference d be- 
tween AC and BC are given, what points pee A z 
in this figure are determined? Can XB be a 
constructed? What kind of triangle is XBC? How can the vertex C 


of the triangle be located? 
P 
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5. Given two angles of a triangle and the sum of two 
sides, construct the triangle. C 

Can the third angle be found? Assume the es 
problem solved. If AX=AB+BC, what kind I 
of triangle is BXC? What does ZCBA equal? 4. ee 
Is 7X known? How can C be fixed? 


6. Through a given point P between B 
the arms of an ZAOB construct a line N, 
terminated by the arms of the angle P 
and bisected at P. 

If PM=PN, and QM = QO, is PQ || to BO? @ gs 


%. Given the perimeter of a triangle, one angle, and 
the altitude from the vertex of the given angle, construct 
the triangle. 


Assume for the mo- 
ment that the problem is 
solved, as shown in this 
figure, in which ABC is 
the required triangle, MN 
the given perimeter, Z ACB the given angle, CP the given altitude, 
AM=AC, and BN=BC. By a study of the figure we shall be led to 
the following solution : 

As in Ex. 2, page 148, on MN construct a segment of a circle in whieh 
ZMCN, which is found by the analysis to be equal to 90°+ } Z ACB, 
may be inscribed. Construct XC || to MN at the distance CP and cut- 
ting the arc of the circle at C. Then the vertices A and B are on the 
perpendicular bisectors of CM and CN. 


8. Construct a line that would bisect the angle formed 
by two lines if those lines were pro- 


duced to meet. 8 aa De 
If AB and CD are the given lines, and if C ee ie % 

they could be produced to meet, then the A=————-_B 

bisector of the angle between them would 


be the perpendicular bisector of PQ, a line which makes equal angles 
with the given lines. How can we construct PQ so as tomake ZP=ZQ? 
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9. Construct a common tangent to two given circles, 


If the centers are O and O’ and the radii r and 7’, the tangent QR 
in the left-hand figure seems to be || to O’M, a tangent from O’ to a 
circle whose radius is y—7’. What does this suggest? 

In general, there are four common tangents, but circles tangent 
externally and internally and intersecting circles should be considered. 


Construct an isosceles triangle, given: 
10. The base and the angle at the vertex. 
11. The base and the radius of the circumscribed circle. 


12. The perimeter and the altitude. C 

In this figure ABC is the required triangle 
and MN the given perimeter. Then the alti- ; 
tude CP passes through the midpoint of MN, M< IGE B IN 
and the AMAC and NBC are isosceles. 

13. Construct an equilateral triangle, 
given the radius of the circumscribed 
circle. 

14. Construct a rectangle, given one side 
and the angle between the diagonals. 

15. Given two perpendicular lines ABand 
CD intersecting in O, and a line intersecting 
these perpendiculars in # and F, construct a 
square, one of whose angles shall coincide 
with one of the right angles at O, and such 
that the vertex of the opposite angle of the 
square shall lie on EF. 

Notice the two solutions. 
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Exercises. Applications 


1. Two pulleys of radii 1 ft. 6 in. and 2 ft. 3 in. respectively 
are connected by a belt which runs straight between the 
points of tangency. If the centers of the pulleys are 6 ft. 
apart, construct the figure, using the scale of 1in.=1 ft. 

2. Given a portion of the tire of a 
wheel, show how to determine the center 
and to reproduce the tire of the wheel in 
a drawing. 


3. Construct this design, making the ES 


) 


figure twice this size. 


First construct the equilateral triangle. Then con- \/ 
struct the small circles with half the side of the 
triangle as aradius. Then find the radius of the cir- =a, 
cumscribed circle. 


4. A circular window in a church has a 
design similar to the accompanying figure. 
Construct the design, making the figure 
twice this size. 

This design is made from the figure of Ex. 3. 


5. From two given points P and Q construct lines which 
shall meet on a given line ABand make Q 
equal angles with AB. 

Since ZBXQ must be equal to ZPXA, then 
<MXP’=ZMXP. If PP’ is 1 to AB, so that 
MP’= MP, and if P’Q is drawn, what follows? 


6. Find the shortest possible path 
from a point P to a line AB and thence 
to a point Q. 

If Z2PXA=ZBXQ, is PX+XQ<PR+RQ? 


This problem shows that a ray of light is re- 
flected in the shortest possible path. 


a 


B 


‘., 
S. 


Soni 


> 


ce) 


5 


Sonia 


> 
? 
/ 
\ 
4 / 
} 
/ 
by 


\“ 
Wy. 
\ x 
N. 
\ 
\ 
AY 


a 


§ 195 REVIEW EXERCISES 155 


Exercises. Review 


1. Make a list of the numbered propositions in Book AK, 
stating under each the propositions in Books I and IT upon 
which it depends either directly or indirectly. 


2. Make another list of the numbered propositions, stat- 


ing under each the propositions in Book II 

: E iz 
which depend upon it. 

3. Show how to construct a tangent to this 


circle at the point P, the center of the circle not 
being accessible. 


4. In this figure it is given that 
x” = 34° and y=56°. Find the number A 
of degrees in each of the other angles B 
and determine whether or not ABis a C 
P 


diameter of the circle. 
5. In a circle with center O the chord AB is drawn so 
that ZBAO = 31°. How many degrees are there in ZAOB? 


6. In this figure it is given that C 
B= 44>-7/A=76, and <BDC=95. 
Find the number of degrees in each of 
the other angles, and determine whether 
A D B 


_ or not CD is a diameter. 

7. In a circle with center O the chord AB is drawn so 
that 7 BAO = 35°. On either arc AB a point P is taken and 
joined to A and B. What is the size of ZAPB? 

8. Find the locus of the midpoint of a chord formed 
by asecant from a given external point to a given circle. 


9. Show how a carpenter’s square may 
be used to determine whether or not the 
curve in this casting is a perfect semicircle. 
State the geometric principle involved. 
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10. In a circle with center O, OM and ON are con- 
structed __ to the chords AB and CD respectively, and it 
is known that ~NMO=ZONM. Prove that AB=CD. 


11. Two circles intersect at A and B, and a secant drawn 
through A cuts the circles at C and D. Prove that Z DBC 
does not change in size, however the secant is drawn. 


12. Let A and B be two fixed points on a given circle, 
and M and N the ends of any diameter. Find the locus of 
the point of intersection of the lines AM and BN. 


13..Given the sum of the diagonal and one side of a 
square, construct the figure. D 
Assuming the problem solved, produce the 
diagonal CA, making AH=AB. Then CF is jee 
the given sum and ZACB=ZBAC=45°. a 
Why? Find the value of 7. Reversing the =e 
reasoning, construct 4 ECB and E on EC. B 


14. If the opposite sides of an inscribed quadrilateral 
are produced to intersect, the bisectors of the angles at 
the points thus found intersect at Q 
right angles. 

Referring only to ares instead of 
chords, we have 

AX—MD=XB-—CM, 
and YA—BN=DY-WNC. 
~. YX+NM=MY+XN. 

Hence ZYIX=ZZXIN., 


How does this prove the proposition? Discuss the impossible case. 
Construct a right triangle, given: 

15. The median and the altitude upon the hypotenuse. 
16. The hypotenuse and the altitude upon the hypotenuse. 


17. Construct a triangle, given one side, an adjacent 
angle, and the sum of the other sides. 


BOOK III 


PROPORTION AND SIMILARITY 
I, FUNDAMENTAL THEOREMS 


196. Proportion. An expression of equality between two 
ratios is called a proportion. 

Preferably, a proportion is written in the more familiar 
fractional form, as follows: 


Ce 


a d 
For convenience in printing, however, the forma: b=c:d, 
or a/b = c/d, is often used. All three forms have the same 
meaning, and each is read ‘‘a is to bas ¢ is to d,”’ or ‘‘the 
ratio of a to 6 is equal to the ratio of ¢ to d.’’ 


197. Terms. Ina proportion the four quantities compared 
are called the terms. The first and third terms are called 
the antecedents; the second and fourth terms, the conse- 
quents. The first and fourth terms are called the extremes; 
the second and third terms, the means. 

Thus, in the proportion a:b=c:d, a and ¢ are the antecedents, 


b and d the consequents, a and d the extremes, 6 and c the means. 
Such names were of more value before algebra came into common 


use than they are at present. 
In the case of a:b=5b:¢, the term 6 is called the mean 
proportional between a and c. 


There is only one positive mean proportional between two numbers, 


and hence we speak of the mean proportional, as above. 
157 
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198. Algebraic Relations. Since we are treating of the 
numerical measures of lines, we shall treat all ratios alge- 
braically. The following laws should be understood : 


Ls If fF then ad = be. 


d 
For we may multiply each of the given equals by bd. Ax.3 
2. If {="%, then d=b; and if £=", then a=c. 
b d op 
For ad=ab, by the first law, and hence d=6; or ab=cb, and 
hence a=c. Ax. 4 
3. If ad = be, then oe 
bd 
For we may divide each of the given equals by bd. Ax.4 
4, if =" then &— 2: 
ui Gud: d 
For we may multiply each of these equals by :. Ax.3 
5. If {=§, then b_d, 
bad anc 


For we may divide 1=1, member for member, by these equals. Ax. 4 


6 72a, then a+b_c+d, 


b d b d 
For we may add 1 to each of these equals, giving +* c+ a. Ax.1 
er = then Se ee 
raat b d 
For we may subtract 1 from each of these equals. Ax. 2 
8. If f= GaSata.er r, then Ect et at a 
Girth b+d+fth+.. b 
For a= br, c=dr, e= fr, g=hr,---, and hence 
atetetgt+::-=r(b+d+f+h+:-); Ax.1 
whence eR eaaBbasl bine 


Beal fobs ke Ax.4 
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Exercises. Algebraic Relations 


Prove the following as in § 198 or by referring to $198: 

1. In any proportion the product of the extremes is 
equal to the product of the means. 

2. If the two antecedents of a proportion are equal, 
the two consequents are equal. s 

3. If the product of two quantities is equal to the product 
of two others, either two may be made the extremes of a 
proportion in which the other two are made the means. 

4. If four quantities are in proportion, they are in pro- 
portion by alternation; that is, the first term is to the third 
as the second term is to the fourth. 

5. If four quantities are in proportion, they are in pro- 
portion by inversion; that is, the second term is to the first 
as the fourth term is to the third. 

6. If four quantities are in proportion, they are in pro- 
portion by composition; that is, the sum of the first two 
terms is to the second term as the sum of the last two 
terms is to the fourth term. 

”, If four quantities are in proportion, they are in pro- 
portion by division; that is, the difference between the 
first two terms is to the second term as the difference 
between the last two terms is to the fourth term. 

8. In a series of equal ratios the sum of the antecedents 
is to the sum of the consequents as any antecedent is to 
its consequent. 

9. If a:b=c:d, then a’: =c’:d’. 

10. If a:b=b:c, then a:c=a’:b. 
11. If a:b=b:¢, then b= Vac. 


We shall consider only positive numbers unless the contrary is stated. 
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199. Nature of the Quantities in a Proportion. Although 
we may have ratios of lines, of areas, or of other geometric 
magnitudes, we treat all the terms of a proportion as 
positive numbers. 

If 6 and d are lines or ee for example, we cannot 


multiply each member of = pak © py bd, as in $198, 1, because 


we cannot think of multiplying by a solid. 


Hence when we speak of the product of two geometric 
magnitudes, we mean the product of the numbers which 
represent the magnitudes when they are expressed in terms 
of a common unit. 

200. Proportional Line Segments. If we have two line seg- 


ments AB and A'B' and if M and M' are their respective 
midpoints, then 4M: MB=1, and 


A'M': M'B'=1, and hence oi me a 
AM _ AM’. eee 
MB M'B' 


This is evidently true whatever may be the lengths of 
AB and A'B'. 

In like manner, if we have two line segments XY and 
X'Y', we may divide XY at P and X'Y' at P’ in such a 


way that P 
M4 NP XP E Scarves segewe cee opr 1% 


PY Py’ Fea it sh y’ 

When we divide two line segments in such a way as to 
have the parts form a proportion like this one, we say that 
the line segments are divided proportionally. 

If P is on the line AB and is between A and B, it divides 
AB internally; if it is not between _, 

$ 5 be Alte B 

A and B, it divides AB externally. ————— 

In this figure, P divides AB internally in the ratio 1:2, and P’ divides 
AB externally in the ratiol:2. That is, AP: PB=AP’: P’B=1:2. 
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Exercises. Proportion 


Express the following ratios in their simplest forms: 


Tel0212 "42 a3 7. 3:4, 10. a:a’+ab. 

2. 8a:12a. 5. 6m:9m*. 8. ¢:2. 11. a? abia% 
3224 a+b eet Oy ot 20-1 

gees s 2 : eo a ee 
48 x ged sg Y head A a+1 

Given the proportion a:b =c:d, prove the following: 

13. a:d=be:d’. 17. ma:nb=me:nd. 

14. 1:b=c: ad. 18. a—1:b6= bc —d: bd. 

15. ad:b=c:1. 19. a+1:1=6c+d:d. 

16. ma:b=me:d. 20. 1:bc =1: ad. 


21. Divide a line segment 4.2 in. long into two parts 
which shall have the ratio 1:2. 

22. Divide a line segment 3.6 in. long into two parts such 
that the ratio of the longer part to the whole segment 
shall be 4:5. ' 

23. What is the ratio of half a right angle to one eighth 
of a straight angle? 


Given the proportion a:b =b:c, prove the following 3 

24. c:b=b:a. 26. (b+ Vac) (b — Vac) =0. 

BOL 100 cc. 27. ac—1:6—1=0+411:1. 

In finding roots or powers, the student should make use of the table 
given on page 292. 


Find the value of x in each of the following: 
2802 8 =2 12. SOL Tes k 25, 
COs ae Os, o: 31. l:l+e=e—-—1:3: 


Exs. 1-20 and 24-31 are introduced chiefly for the purpose of accus- 
toming the student to the use of ratios and proportions. 
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Proposition 1. Sides of a Triangle 


201. Theorem. If through two sides of a triangle a 
line is constructed parallel to the third side, it divides 
the two sides proportionally. 


Given the A ABC with PQ || to AB. 
AP _ BQ, 
Prove that PC QC 
Proof. Assuming AP and PC commensurable, let some seg- 
ment AM be contained 3 times in APand 4 times in PC. $163 
AP 3°AM 3 
— — = = § 
Then we 165 
At the several points of division on AP and PC construct 


lines || to AB. $107 
These lines divide BC into 7 equal parts, of which BQ 
contains 3 parts and QC contains 4 parts. $85 
Then, BQ_3, 
en OC 4 § 165 
Hence AP _ BQ, Ax.5 
LPEMOE 


The proof is evidently the same if any other numbers are used. 

For the incommensurable case (§ 166) see § 313. 

Since the student is now so far advanced as to be able to state for 
himself the plan of attack, it is no longer given as part of the printed 
proof. The student, however, should give it as part of his proof. 
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202. Corollary. One side of a triangle as to either of its 
segments cut off by a line parallel to the base as the third 
side is to its corresponding segment. 

AP BO 
In the fi f 1 aed : 
n the figure of § 201, PC OC § 201 


Adding 1 to each member of this proportion, we have 
— +1 =—+ i Ax.1 


or AP+PC_BQ+QC. 
PC OCs 
AC_BC 
whence PC rayon Ax. 10 
POs QC 
AP BQ’ 
AC BC” 


dd 1 b d ith — 
a as above, and end wi cee BQ. 


We may also begin with § 198, 5 


203. Corollary. Three or more parallel lines cut off pro- 
portional segments on any two transversals. 


Construct AN || to CD. § 107 
Then AL=CG, 
LM=GK. 
and MN=KD. § 78 
“AF AL 
— = —-- 201 
Ate CG: 
——— Ax.5 B 
Hence FH GK x 
Ae BE 
— = — : 198, 4 
ee GG GK ; 


That is, the first two segments of AB are proportional to the first 
two segments of CD. Similarly, the other segments are proportional. 
This is indicated as follows: 

AT Ft elt, B 
CG GK, KD= 
The student should also consider the case in which AB and CD 


intersect between AC and BD. 
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Proposition 2. Converse of § 201 


204. Theorem. If a line divides two sides of a tri- 
angle proportionally from a vertex, it 1s parallel to 
the third side. 


Given the AABC with PQ so drawn that —_ ae. 

Prove that PQ is || to AB. : 

Proof. Taking the indirect method (§ 56), suppose that 
PQ is not || to AB. 

From P construct some other line, as PX, ll to AB. $107 

Then AC _ BC 


rapes rs § 202 
AP ese : 
But ——==. 
u PC OC Given 
AP+PC BQ+QC 
H t= = +t, 
ence te OC § 198, 6 
AC _ BC. : 
0 
r pa OC Ax. 10 
Wane BG BCT 
ence acm x0’ Ax.5 
and QC = XC. § 198, 2 
*, PQ and PX must coincide. Post. 1 
But PX is ll to AB. Const. 


*, PQ, which coincides with PX, is Il to AB. $.62 
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Exercises. Proportional Lines 


1. In the figure of $203 given that AF=2in., FH =3 ins 
and CK=6in. Find the length of CG. D C 


2. If a side of this square is 10 in., the we 
diagonal DB is 14.14 in. long. If DP=4in, ? 
and PQ is || to AB, what is the length of DQ? 

3. The sides of a triangle are 6 in., 8 in., 2 
and 10 in. respectively. A line parallel to the 8-inch side cuts 


the 6-inch side 2 in. from the vertex of the largest angle. 
_ Find the lengths of the segments of the 10-inch side. 


4. Two joists 6 in. wide are fitted together at right angles, 
as here shown. The distance from A to Bis 16 ft., that from 
A to C is 12ft., and that from BtoC is ¢c 
20 ft. In fitting another joist along the a 
dotted line BC the carpenter has to saw ~ 
off the ends of the first joists on the ms 
slant. Find the length of the slanting 4 
cut across the upright piece; across the horizontal piece. 

5. From any point P the lines PA, PB, PC are drawn to 
the vertices of a AABC and are bisected respectively by 
iB and C’. Prove that ZCBA=Z7CB'A. 

6. From any point P within the quadrilateral ABCD lines 
are drawn to the vertices A, B, C, D and are bisected by 
A’, B',c', D’. Prove that ZCBA= CB A. 

7. If a spider, in making its web, makes A'B'|l to AB, 
B'C' || to BC, C'D' || to CD, D'E'|| to DE, 
and E'F'|| to EF, and then runs a line 
from F' || to FA, will it strike the 
point A'? Prove it. 

First show that OA’: A’A=OF”": F’F, and 
then use § 204. 
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205. Similar Polygons. Polygons that have their cor- 
responding angles equal and their corresponding sides 


proportional are called D D’ 

similar polygons. a Gu a 
Thus, the polygons ABCDE B 

and A’B’C’D’E’ are similar if A B A ‘RB! 


ZA=ZA',ZB=/BIZO=20, ZD=2 D0 2b 2k 
ABs, BC’ “CODES Eas 
AB BC (CD a DE pie 
Instead of saying that two polygons are similar, it is frequently 
said that they have the same shape, or that they are the same figure 


drawn to different scales. Familiar illustrations of similar polygons 
are given by maps or by photographs of buildings. 


and if 


In the figures here shown, Q and Q’ are not similar, 
for although the corresponding sides are proportional, the 


corresponding angles are not 
equal; neither are the figures : 
R and R' similar, even though 
the corresponding angles are 
equal, for the corresponding ES 
sides are not proportional. 

As will be shown in §§ 208-214, in the case of triangles 


‘either condition implies the other, but this is not true of 
other figures. 


206. Corresponding Line Segments. In similar polygons 
those line segments that are similarly situated with respect 
to the equal angles are called corresponding line segments, 
or simply corresponding lines. 


Corresponding lines are occasionally called homologous lines. 
207. Ratio of Similitude. The ratio of any two corre- 


sponding line segments in similar polygons is called the 
ratio of svmilitude of the polygons. 
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Exercises. Review 


1. If a pendulum swinging from the point O cuts two 
parallel lines at the varying points P and Q respectively. 
the ratio OP: OQ remains the same whatever may be the 
position of the pendulum. 

2. Through a fixed point P a line is drawn cutting a 
fixed line at X. The line segment PX is then divided at Y 
so that the ratio PY: YX always remains the same. Find 
the locus of the point Yas X moves along the fixed line. 

3. Given that 3:2 =2: 27, find the value of x. 

4, Given that x:8 = 32:2, find the value of x. 

5. From the definition of a square, prove that two 
squares are always similar. 

6. From what you have proved concerning equilateral 
triangles, can you state that two equilateral triangles are 
always similar? Give the reasons. 

7. Divide a line segment 5.4in. long into two parts 
which shall have the ratio of 4 to 5; of 8 to 10; of 2 to 23. 

8. The law of levers states that mW =P, where W, as 
in this figure, is the weight; m, the dis- 
tance from the weight to the fulcrum F; 
P, the power applied ; and n, the distance 
from the power to the fulcrum. State 
this equation in the form of a proportion. 

9. From the point P on the side CA of the AABC par- 
allels are drawn to the other sides, meeting AB in Q and BC 
in R. Prove that AQ:QB=BR: RC. 

10. In the AABC the points P and @ are taken on the 
sides CA and BC so that AP: PC=BQ:QC. Then a line 
AR is drawn || to PB, meeting CB produced in R. Prove 
that CQ:CB=CB:CR. 

P 
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Proposition 3. Mutually Equiangular Triangles 


208. Theorem. Two mutually equiangular triangles 
are sumilar. 


Given the AABC and A'B'C' with 4A, B, C equal to 
4A', B', C' respectively. 


Prove that AABC is similar to AA'B'C'. 


Proof. Since the A are given as mutually equiangular, 
we have only to prove that 

AB ARE ReAe: 

A'B' ~F iG me SS 

Place AA'B'C' upon AABC so that ZC’ coincides with 


§ 205 


its equal, ZC, and A'B' takes the position PQ. Post. 5 
Then, in the figure, p=ZA, Given 
and hence PQ is |l to AB. § 59 
AC BC ss OA OB 
Th § ; 
a PC Qc SO) WAG = BC" SR 


Similarly, by placing A.A'B'C' upon AABC so that ZB' 
coincides with its equal, ZB, we can prove that 


AB BC 
A’ PR’ ~ BC 
AB _ BOO MGS 
whence 
AB’ BC AC AAD 


*, AABC is similar to AA'B'C". § 205 
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209. Corollary. If two angles of one triangle are equal 
respectively to two angles of another, the triangles are 
similar. 

Since in each A the sum of the 4 is 2rt. 4 (§ 65), and since two 4 
of one A are given equal to two 4 of the other, the third 4 are equal 
(Ax. 2); that is, the A are mutually equiangular. Hence the A are 
similar (§ 208). 


210. Corollary. If an acute angle of one right triangle is 
equal to an acute angle of another, the triangles are similar. 

Since the rt. 4 are also equal (Post. 6), the A have two 4 of one equal 
respectively to two 4 of the other. Hence the A are similar (§ 209). 


211. Corollary. If two triangles have their sides respec- 
tively parallel to one another, the triangles are similar. 


In this figure how can it be proved that p 


A 
ZB=ZBandthat Z2A=2ZA’? Is this sufficient Ne a 
Ly 


to prove the corollary? 
Although §§ 211 and 212 are interesting corol- WEN 
laries of § 208, they are not needed in subsequent a. B 


propositions. Hence they may be treated as 
exercises or omitted if desired. These corollaries are required in some 
courses of study and are often given in examinations. 


212. Corollary. Jf two triangles have their sides respec- 
tively perpendicular to one another, C 
the triangles are similar. 


In this figure, what Z is the complement 
of 7B? of ZB’? Are these two complements rs 
equal? Does this prove that 2B’=2B? A 
Since A’B’ is L to AB and A’C’ is | to AC, 
what can you say about the other two 4 of 3 
the quadrilateral formed by these lines? B 
What other Z is a supplement of one of these 4? Can it then be proved 
that Z A’= 2A? Is this sufficient to prove the corollary? 

When, as in this case, a figure becomes somewhat complicated, it is 
well to recall this fact: The corresponding sides of similar triangles are 
opposite the corresponding and mutually equal angles, and conversely. 
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Proposition 4. Angle and Proportional Sides 


213. Theorem. If two triangles have an angle of 
one equal to an angle of the other and the including 
sides proportional, the triangles are similar. 


Given the AABC and A'B'C' with ZC= ZC' and with 
CA CB 


Ca OB" 
Prove that AABC is similar to AA'B'C'. 


Proof. Place AA'B'C'upon AABC so that ZC' coincides 
with its equal, ZC, A'B’ taking the position PQ. Post. 5 


Now — = we Given 
CAMNGB 
é CARE CE 
th t 9 SS . 
at is CP CO Ax.5 
CA—CP _CB—CQ 
H SF oe a ene 
ence a CO $198, 7 
PA QB 
0 ——= >: 
r CP CQ Ax.5 
. PO's. to AB, § 204 
Then ZA=p, and ZB=q. § 62 
Also, LO=ZC% Given 
Hence AABC is similar to APQC; § 208 


that is, AABCis similar to AA'B'C'. Axs5 
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Proposition 5. Proportional Sides 


214. Theorem. If two triangles have their sides respec. 4 
tively proportional, they are similar. 


AB BC CA 


Given the AABC and A'B'C' with 7 Uae cr 


Prove that AABC is similar to AA'B'C'. 
Proof. On CA take CP=C'A' and on CB take CQ=C'B'. 
Draw PQ. Post. 1 


When it is desired to give a considerable number of steps on a 
single page, the fraction form of the proportion may be replaced by 
the form used below. 


Now CAG A = BCBG. Given 
and, since CP=C'A', andCQ=C'B’, Const. 
then CA CP =CB CQ. Ax.5 

| .. AABC and PQC are similar. § 213 

Then CATCP=AB PQ; § 205 
that is, CARE MABE. Ax. 5 

But CASCA'=AB AB Given 

*. AB! PQ=AB: A'B, ASS 

and IPO =A § 198, 2 
Hence APQC and A'B'C' are congruent. § 47 

- But A ABC is similar to APQC. Proved 


~, AABC is similar to A.A'B'C'. Ax.5 
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Proposition 6. Right Triangle 


215. Theorem. The perpendicular from the vertex of 
the right angle of a right triangle to the hypotenuse 
divides the triangle into two triangles which are similar 
to the given triangle and to each other. 


Given the rt. AABC with CP | to the hypotenuse AB. 
Prove that A ABC, ACP, CBP are similar. 


Proof. Lettering the figure as shown, since a is common 


to rt. A ACP and ABC, these A are similar. § 210 
Likewise, ACBP is similar to AABC. § 210 
Hence AACP and CBP: are each mutually equiangular 

with the given A ABC. § 205 
Then the three A are mutually equiangular, Ax.5 

and hence the A are similar. § 208 


216. Corollary. The perpendicular from the vertex of the 
right angle to the hypotenuse of a right triangle is the mean 
proportional between the segments of the hypotenuse. 

Since A ACP and CBP are similar, § 215 
we have AP OP Grea § 205 


and hence the 1 CP is the mean proportional between the segments © 
AP and PB. § 197 
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217. Corollary. The perpendicular from any point on a 


circle to a diameter of the circle is the C 

mean proportional between the segments 

of the diameter. ne 
Since Z ACB is art. Z (§ 173), AABCisart.A, A Fae B 


and hence § 216 applies. 


218. Corollary. The square of the hypotenuse of a right 
triangle is equal to the sum of the squares of the other 
two sides. 

This means that the square of the numerical measure of the hypot- 
enuse is equal to the sum of the squares of the numerical measures 
of the two sides. 

This is the most celebrated single proposition in geometry, and on 
account of its great importance we shall prove it again, by another 
method, in § 252. This theorem was known for special cases as early 
as the third millennium B.c., but it is thought to have been first proved 
by Pythagoras, a famous Greek mathematician, about 525 B.c. 

In the rt. AABC, in which ZC is the rt. Z, let the L p from C 
to AB form the segments x and y as here shown. Then a simple 
proof, based on § 215, is as follows: 


Since the three A are similar, § 215 
we have Sree § 205 
a y Oat 
Hence a= cy, 
and b? = ex. § 198, 1 
Then a+b=c(a+y). Ax. 1 
a2 + be —c-c—c- Ax. 5 
219. Projection. If from the ends of a given line segment 
perpendiculars are constructed to a B 
given line, the segment thus formed ee 
on the given line is called the pro- 
aye : mMm————, --@_$__ 
jection of the given segment upon A EA B 
the line. 


Thus A’B’ and AB’ in these figures are the projections of AB upon 
the lines m and n respectively. 
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Exercises. Similar Triangles 


1. If a perpendicular is drawn from the vertex of the 
right angle of a right triangle to the hypotenuse, each of the 
other sides is the mean proportional between the hypotenuse 
and the projection of that side upon tt. 


2. The squares of the two sides of a right triangle are pro- 
portional to the projections of the sides upon the hypotenuse. 
In the figure of § 215, AC’= AB- AP, and BC’ = AB-BP. Why? 
Ata _ AB-AP AP AP 


ce BC? AB-BP BP 


3. The square of the hypotenuse and the square of either 
side of a right triangle are proportional to the hypotenuse 
and the projection of that side wpon it. 

In the figure of § 215, AB’= AB- AB, and AC’=AB- AP. 

AB? JTABABY AB. 
ACG? AB-AP AP 


Then 


4. If a perpendicular is drawn from any point on a circle 
to a diameter, the chord from that point to either end of 
the diameter is the mean proportional between the diameter 
and its segment adjacent to the chord. 


5. Perpendiculars drawn from any corresponding vertices 
of two similar triangles to the opposite sides have the same 
ratio as any two corresponding sides. 


6. Find the length of the hypotenuse of a right triangle 
of which the two sides including the right angle are 37 in. 
and 493 in. respectively. 


7. Find the other side of a right tanta of which the 
hypotenuse is 17 in. and one side is 10.2 in. 


8. From the three similar triangles in the figure of § 215 


it is possible to write a large number of proportions. Write 
twelve of them. 
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Proposition 7. Intersecting Chords 


220. Theorem. [f two chords of a circle intersect, the 
product of the segments of either one is equal to the 
product of the segments of the other. 


Given a © with the chords AB and CD, intersecting at P. 


Prove that 'PA*PB=PC-Pp. 
Proof. Draw AC and BD. Post. 1 
Then in the figure, as lettered above, 
a=a', § 172 
because each of these A is measured by 4 arc CB; 
and 6= 6) §172 
because each of these 4 is measured by 4 arc DA. 
... ACPA and BPD are similar, § 209 
and hence = = _ § 205 
MePASER = PC: PD; § 198, 1 


221. Secant to a Circle. When we speak of a secant from 
an éxternal point to a circle it is understood that we mean 
the segment of the secant which lies between the given 
external point and the second, or more remote, point of 
intersection of the secant and the circle. 

Thus in the figure of § 222 we may speak of PA as such a secant. 
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Proposition 8. Secant and Tangent 


222. Theorem. If from a point outside a circle a secant 
and a tangent are drawn, the tangent is the mean pro- 
portional between the secant and its external segment. 


Given a secant PA and the tangent PB drawn to the OABC 
from the external point P. 


PA PB 

Prove that PR PC 
Proof. Draw AB and BC. Post. 1 
Now a is measured by 3 are BC, §172 
and a' is measured by 3 are BC. $177 
aa. Ax.5 
Then APAB is similar to APBC. § 209 

PA _ PB 
Hence PR PC § 205 


223. Corollary. If from a point outside a circle two or 
more secants are drawn, the product of any secant and its 
external segment is equal to the product of any other secant 
and its external segment. 

Since PA : PB = PB: PC (§ 222), then PA - PC = PB? (§ 198, 1). 


Moreover, since PB always remains the same (§ 149), PA: PC always 
remains the same. 
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Proposition 9. Ratio of Perimeters 


224. Theorem. The perimeters of two similar polygons 
have the same ratio as any two corresponding sides. 


Given the two similar polygons ABCDE and A'B'C'D'E' with 
perimeters p and p’ respectively. 


Prove that PB a 
p A 
AB’ <-BC CD DE EA § 205 


Pr if S| 5S SS = 
ee AB BC’ C'D' DE’ B'A' 
AB+BC+CD+DE+EA__ AB gig g 


Then tpl iat Ih! Int an Ipl ’ 
AB+BC+CD+DE+HA AB 
AB 
Hence deny sae 
e p' A'B' Ax. 5 


The proof is evidently the same whatever the number of sides of 
the polygons. 
Exercises. Review 


1. If two chords intersect within a circle, their segments 


are reciprocally proportional. 
This means, for example, that, in the figure of § 220, PA : PD is equal 
to the reciprocal of PB: PC; that is, it is equal to PC: PB. 


2. Discuss $ 220 when P is on the circle; when P is out- 
side the circle. 
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3. If two parallels are cut by three transversals which 
meet in a point, the corresponding segments of the parallels 
are proportional. 

4. The base and altitude of a triangle are 30 in. and 14 in. 
respectively. If the corresponding base of a similar triangle 
is 74 in., find the corresponding altitude. 


5. The point Pis any point on the arm OX of the Z XOY, 
and from Pa | PQ is constructed to OY. Prove that for 
any position of Pon OX the ratio OP: PQ remains the same, 
and the ratio PQ: OQ also remains the same. 


6. In drawing a map of a triangular field with sides of 
75 rd., 60 rd., and 50 rd. respectively, the longest side is 
made 2in. long. How long are the other two sides made? 


7. This figure represents part of a diagonal scale some- 
times used by draftsmen. Between vertical lines 1 and 0 
thedistanceislin.;be- 9 7 5 3 1 

i i RARER 
tween vertical line ui cei iece 
and the intersection of *IT TTT) TTT, 
diagonal line 2 with 
te line 0 it x “A 

a OT he eee 
calline land theinter- ,|CCCLTTLLret 
eestions of diagonal 40 ae ke eee 
line 0 with horizontal line 8 it is 1.08 in.; and so on. Show 
how to measure 1.5in.; 1.25in.; 1.08 in.; 1.67in.; 1.79 in. 


Upon what proposition does this depend ? 
8. In the similar AABC and A'B'C', AB=3in., 
BC =83 in.,CA= 4 in., and A'B'= 44 in. Find B'C' andc'A’. 
9. The perimeter of an equilateral triangle is 72 in. 
Find the side of an equilateral triangle of half the altitude. 


10. The hypotenuse of a right triangle is 98.5 mm. and 
one side is 78.8 mm. Find the other side. 
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Proposition 10. Separating Similar Polygons 


225. Theorem. If two polygons are similar, they can 
be separated into the same number of triangles, similar 
each to each and similarly placed. 


Given two similar polygons ABCDE and A'B'C'D'E'. 


Prove that ABCDE and A'B'C'D'E' can be separated into 
the same number of A, similar each to each and similarly 
placed. 


Proof. Draw DA, D'A'and DB, D'B', Post. 1 

thus separating each polygon into three A similarly placed. 
Since ay 

and DE: D'E'= EA: E'A', § 205 

we see that ADEA and D'E'A'are similar. § 213 
In like manner, ADBC and D'B'C' are similar. 
Furthermore, ZA=ZA', 

and ZDAE=ZD'A'E", § 205 
Subtracting, ZBAD=ZB'A'D'. Ax. 2 
Now DA: D'A'=EA:E'A', 

and AB: A'B'=EA:E'A'. § 205 
Then DA: D'A'=AB: A'B'. Ax.5 


.. ADAB and D'A'B' are similar. § 213 
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Exercises. Review 


1. The sides of a polygon are 3in., 3in., 4in., 4in., and 
6 in. respectively. Find the perimeter of a similar polygon 
whose longest side is 9 in. 

2. In drawing a map to the scale of 1:100,000, what 
lengths, to the nearest 0.01 in., should be taken for the sides 
of a rectangular county 30 mi. long and 20 mi. wide? 


3. By adjusting the screw at O, the lengths OA and 


OC of these proportional compasses, , D 
and the corresponding lengths OB ~ TSs> ee 

| SSO 
and OD, may be varied proportionally. » OSS. 
The distance AB is what part of CD C 


when OA = 4+ in. and OC=73 in.? when OA = 5.25 in. and 
OC = 6.75 in.? 
4. A baseball diamond is a square 90 ft. on a side. What 


is the distance, to the nearest 0.1 ft., from first base to 
third base ? 


5. Find a formula for the height of an equilateral triangle 
of perimeter p. 


6. Find the lengths of the sides of an isosceles triangle 
of perimeter 39 in. if the ratio of one of the equal sides to 
the base is 3. 


7. Find the length and the height of a rectangle of 
perimeter 64 in. if the ratio of length to height is 8. 

8. Within the polygon ABCDE here shown any point P is 
joined to the vertices. Beginning at 
a point A' on AP lines are drawn so 
that A'B' is ll to AB, B'C' is || to BC, 
C'D' is |l to CD, and D'E' is ll to DE. 
Prove that a line #'A' is|lto EA and 
that the two polygons are similar. 
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Proposition 11. Condition of Similarity 


226. Theorem. Jf two polygons are composed of the 
same number of triangles, similar each to each and 
similarly placed, the polygons are similar. 


Given two polygons ABCDE and A'B'C'D'E' composed of the 
A DEA, DAB, DBC similar respectively to the AD'E'A', D'A'B', 
D'B'C', and similarly placed. 

Prove that ABCDE is similar to A'B'C'D'E’. 

Proof. Since ZDAE=ZDA'E’, 


and since ZBAD=ZB'A'D', § 205 
because the A are given similar, 
we have ZBAE=ZBA'E’. Ax.1 
Similarly, ZiCBA= 7 CBAs 
and ZEDC=ZE D'C' 
Also, LZC0=2C, 
and b= ZB. § 205 


Hence the polygons are mutually equiangular. 
DE EA _DA_AB_ DB _ BC _CD | goo, 


AlSO, in BIA DIA’ A'B’ DB’ BC’ C'D! 
because the A are given similar. 


the polygons are similar. § 205 


Hence 
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Proposition 12. Bisector of an Interior Angle 


297. Theorem. The bisector of an angle of a triangle 
divides the opposite side into segments which are pro- 
portional to the adjacent sides. 


Given the bisector of ZC of the AABC, meeting AB at M. 


AM _}b 
Prove that Mee 
Proof. From A construct a line || to MC. § 107 
Then this line must meet BC produced, § 52 
because CM and CB cannot both be \I to it. 
Let this line meet BC produced at X. 
Then AM:MB=XC:a. § 201 
Also, ZACM=ZCAX, § 61 
and ZMGB=Z7X%. § 62 
But ZACM=ZMCB. §11 
Se EY BE Be Ax.5 
and hence XC=b, § 69 
Substituting b for XC in the above proportion, 
AM _b 


MB a AX, 5 
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Proposition 13. Bisector of an Exterior Angle 


228. Theorem. If the bisector of an exterior angle of a 
triangle meets the opposite side produced, it divides that 
side externally into segments which are proportional 
to the adjacent sides. 


Given the bisector of the exterior ~XCA of the AABC, 
meeting BA produced at M'. 


AM'_b 
Prove that WR as 
Proof. Construct AP|l to M'C, meeting BC at P. $107 
Then M'B:AM'=a:PC, . § 202 
or AM <M B= PC. a. § 198, 5 
Now ZXCM'=ZCPA, § 62 
and ZM.CA =Z.PAC. § 61 
But ZXCM'=ZM'CA. $11 
SEA CPA =A PAC, Ax.5 
and hence b= PC; § 69: 
Substituting 6 for PC in the second proportion, 
AMey 70} Ax.5 
M'B a 


What follows when CA= CB? when CA>CB? 


P 
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Exercises. Review 


1. If two cireles are tangent externally, the corre- 
sponding segments of two lines drawn through the point 
of contact and terminated by the circles are proportional. 


2. If two circles are tangent externally, their common 
external tangent is the mean proportional between their 
diameters. 

3. Two circles are tangent, either internally or exter- 
nally, at P. Through P three lines are drawn, meeting one 
circle in X, Y, Z and the other in X', Y’, Z' respectively. 
Prove that AXYZ and X'Y'Z' are similar. 

4. If two circles are tangent internally, all chords of the 
greater circle drawn from the point of contact are divided 
proportionally by the smaller circle. 

5. From a point P a secant 7.6in. long is drawn to a 


circle so that the external segment is 1.9 in. Find the 
length of the tangent from P. 


6. Ina AABC, AB=16, BC=14, and CA=15. Find the 
segments of CA made by the bisector of ZB. 

7. The sides of a triangle are 6, 8, and 10. Find the seg- 
ments of the sides made by the bisectors of the angles. 


8. In an inscribed quadrilateral the product of the 
diagonals is equal to the sum of the products D 


of the opposite sides. SS 
Construct DX, making ZXDC= ZADB. Then (KS C 


A ABD and XCD are similar; and ABCD and AXD a 
are also similar. \ 


9. Given the chords AB and AC from any g 
point A on a circle, and AD, a diameter. If the tangent at 
D intersects AB and AC at E and F, and if the chord BC 
is drawn, then the A ABC and AEF are similar. 
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II. FUNDAMENTAL CONSTRUCTIONS 
Proposition 14. Dividing a Line 


229. Problem. Divide a given line segment into parts 
proportional to any number of given line segments. 


Given the line segments AB, m, n, and p. 

Required to divide AB into parts proportional to m, n, 
and p. 

Construction. From A draw AX, making any convenient 


£ with AB. Post. 1 
On AX, using dividers, take AM=m, MN=n, and NP=»p. 
Draw BP. Post. 1 
At N construct NN' || to PB, 

and at M construct MM’ |\ to PB. § 107 


Then M'and N'are the required points of division. 

The proof is left for the student. It should be observed that § 113 is 
a special case of this problem. 

230. Fourth Proportional. The fourth term of a proportion 
is called the fourth proportional to the terms taken in order. 

Thus, in the proportion a:b=c:d, the term d is the fourth propor- 
tional to a, b, and c. 
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Proposition 15. Fourth Proportional 


231. Problem. Construct the fourth proportional to 
three given line segments. 


Given the three line segments m, n, and p. 


Required to find the fourth proportional to m, n, and p. 

Construction. Draw two lines AX and AY forming any 
convenient Z YAX. Post. 1 

Any acute Z will be convenient, although an obtuse Z may be used. 

On AX, using dividers, take AB= m™ and BC=n. 

Similarly, on AY take AD=p. 

Draw BD. Post. 1 

At C construct a line Il to BD, § 107 
and designate the point where it meets AY as E. 

Then DE is the required fourth proportional. 

AB _AD 
Proof. BC = DE . § 201 


If through two sides of a A a line is constructed |I to the third 
side, it divides the two sides proportionally. 


Substituting m, n, p for their equals, AB, BC, AD, we have 


% SIDS 
nn DE Ax.5 


*, DE is the fourth proportional to m.n, p. — § 230 
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Proposition 16. Mean Proportional 


232. Problem. Construct the mean proportional be- 
tween two given line segments. 


Given the two line segments m and n. 
Required to construct the mean proportional between 
m and n. 
Construction. Draw any convenient line AX. Post. 1 
On AX, using dividers, take 
AC=™m and CB=n. 


Bisect AB as at O. § 102 
With O as center and OA as radius, construct a semicircle 
as shown. Post. 4 
AtC construct the _L CP, meeting the © at P. § 104 
Then CP is the mean proportional between m and n. 
AC_ cP. 
Proof. CP CB § 217 
Substituting m, n for their equals, AC, CB, we have 
m _CP 
— = —.- Ax.5 
CRaipit - 


.’. CPis the mean proportional between m and n. $197 
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Proposition 17. Similar Polygons 


233. Problem. Upon a given line segment corresponding 
to a given side of a given polygon construct a polygon 
similar to the given polygon. 


Given the line segment A’B’ and the polygon ABCDE. 


Required to construct on A'B', corresponding to AB, a 
polygon similar to the polygon ABCDE. 


Construction. From A draw the diagonals AC, AD. Post.1 
From A! construct A'X, A'Y, and A'Z, making 


oe = o, 
y=, 
and g'= 2. $ 106 


Similarly, from B' construct B'C', making ZB'=ZB; 
from C' construct C'D', making 2D'C'A'=ZDCA; and 
from D' construct D'E', making ZE'D'A'= ZEDA. 


Then A'B'C'D'E' is the required polygon. 


Proof. AA'B'C' is similar to AABC, 
AA'C'D' is similar to AACD, 
and AA'D'E' is similar to AADE. § 209 


.'. the two polygons are similar. § 226 
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Exercises. Constructions 


1. If a and 6 are two given lines, construct a line equal 
to « where x=~/ab. Consider the special case of a=8, b=2. 
2. Construct the third proportional to two given line 
segments. 
This means, given two line segments a and 8, find x such that 
a:b=6:2; that is, find the fourth proportional to a, b, and b. 

3. In Ex. 2 find x both by geometric construction and 
arithmetically when a = 14 in. and 6 = 2} in. 

4, Determine both by geometric construction and arith- 
metically the fourth proportional to lines which are 23 in., 
4in., and 4+ in. long respectively. 

5. Determine both by geometric construction and arith- 
metically the mean proportional between lines which are 
2.4 in, and 3.4 in. long respectively. 

6. Find 7 by geometric construction. Measure the 
line and thus determine the approximate arithmetic value. 

7. A map is drawn to the scale of 1 in. to 100 mi. How 
far apart are two places that are 3z in. apart on the map? 

8. Through a given point P within a given circle 
construct a chord AB such that the ratio 4 C 


AP: BP shall equal a given ratio m:n. 

Construct OPC so that OP: PC=n:m. Then con- 
struct C/A equal to the fourth proportional to n, m, and 
the radius of the circle. 

9. Given the perimeter, construct a triangle similar to 
a given triangle. 

10. Construct two circles of radii}in. and 4 in. respec- 
tively which shall be tangent externally, and construct a 
third circle of radius 1 in. which shall be tangent to each 
of these two circles and inclose both of them. 


B 
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11. Given a line segment 3.5 in. long, divide it both 
internally and externally in the ratio 3:4. 

If AB is the given segment and P’ the external point of division 
(§ 200), then AP’: P’B=3:4. But AP’= P’B—AB, 
and hence it is possible to compute the length of P’B. 

12. Through a given point P in the are p 
of the chord AB construct a chord which 4\>s Ip 
shall be bisected by AB. spec 2 


In the figure CD = CP and DE is || to BA. 


13. Through a given external point A 
P construct a secant PAB to a given p 
circle so that the ratio PA:AB shall 
equal a given ratio m:n. 


On the tangent PC construct D such that 
PD:DC=m:n. Then construct PA such that PC: PA=PA: PD. Con- 
sider any impossible case. 


14. Through a given external point P construct a secant 
PAB to a given circle so that AB =PA-: PB. 


If PC is the tangent from P, then PB: PC= 
PC:PA, or PC*?=PA-PB. But it is required 
that AB’=PA-PB. What is the relation of 
AB to PC? What is the locus of the midpoints 
of equal chords of a circle? By constructing a 
tangent, how can you construct the secant PAB 
so that AB= PC? 


15. Through one of the points of intersection of two 
circles construct a secant such that the P N 
. ——— 
two chords that are formed shall be in ye 
a given ratio m:n, @ 
If X is constructed on the line of centers 
so that OX : XO’= m:n, if MPNis | to PX, 


and if perpendiculars are drawn from O and O’ to MP and PN, what 
follows as to the relation of MP to PN? 
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III. NUMERICAL RELATIONS 
Proposition 18. Side opposite an Acute Angle 


234. Theorem. The square of the side opposite an acute 
angle of any triangle is equal to the sum of the squares 
of the other two sides diminished by twice the product 
of one of those sides and the projection of the other side 
upon tt. 


Q 


ih 
: 


Given the A ABC with an acute ZA, and a’ and 0’, the pro- 
jections of a and 0 respectively upon c. 


Prove that a’='+c—20'c. 
Proof. Depending on whether D is between A and B or 
not, we have = g!_ ¢_ b', or a'=b'—c. §5 
Squaring, a?=b'+ c—2d'e. Ax. 6 
Adding h? to each side of this equation, we have 
h+a"®=h?+6?+C—20'e. Ax.1 
But h?+a"=a’, and h’+b"=0". § 218 
Substituting a? and 0’ for their equals in the above equa- 
tion, we have v=b+c—25'. Ax.5 


Pages 191-198, which illustrate the application of algebra to geom- 
etry, may be omitted without destroying the sequence. 
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Proposition 19. Side opposite the Obtuse Angle 


235. Theorem. The square of the side opposite the obtuse 
angle of any obtuse triangle is equal to the sum of the 
squares of the other two sides increased by twice the prod- 
uct of one of those sides and the projection of the other 
side wpon it. 


QQ 
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Given the obtuse AABC with the obtuse 2A, and a' and 0’" 
the projections of a and 0 respectively upon c. 


Prove that a’=0'+¢+25'c. 
Proof. a'=b'+e. Ax. 10 
Squaring, a" = b+ 74+-2b'c. Ax. 6 
Adding h’ to each side of this equation, we have 
h+a?=h?+b"+¢+2b'c. Ax ot 

But h’+a"=a? 

and +b? =0'. § 218 
Substituting a’ and & for their equals in the above 


equation, we have 
a ’ a=0+¢+20'c. Ax.5 
The student should notice that if 6 swings about A so that ZA 
becomes a rt. 2, then b’ becomes 0, and hence a?= 62+ c?; in other 


words, we have §218. If ZA becomes acute, then b’ passes through 
0 and becomes negative, and hence we have § 234. 
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Proposition 20. ‘Squares of Two Sides 


236. Theorem. The swm of the squares of two sides of 
a triangle is equal to twice the square of half the third 
side, increased by twice the square of the median upon it. 

The difference between the squares of two sides of a 
triangle 1s equal to twice the product of the third side 
and the projection of the median upon it. 


Given the AABC with b> a, the median m (or CM), and the 
projection m' of m upon the side c. 
Prove that B+ @=2AM +2m?, 
and that O° —a’=2cm. 
Proof. 2CMA is obtuse, and ZCMB is acute. §$$127,18 
Since itis given thatb>a, Mlies between AandD. $118 


Then P=AM +m?+2AM- Mm, § 235 
and @=MB +m?—2MB-m'. § 234 
Since MB = AM (§ 132), if we add these equals, we have 
B+a?=2AM +2m’. Ax.1 

Subtracting the second equation from the first, we have 
B— a? =2m'(AM+ MB)=2em’. Ax. 2 


The student should also consider the proposition when a=). This 
theorem enables us to compute the medians when the three sides 


are known. 
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Exercises. Numerical Relations 


1. Assuming that the area of a triangle is half the prod- 
uct of its base and height, as will be proved later, find the 
area of a triangle in terms of its sides. 

At least one of the 4A and B of the AABC 
is acute. Suppose that 2A is acute. 

Inthe AADC, h?=b?—AD*. = § 218, Ax. 2 

In the AABC, a?=6?+c?—2c-AD. §284 


Then AD= 


(b?+ c?— a”)? < 
4c? 
__ 4b%c?—(b?+ c?— a?)? 
t 4c? 
_ (2bce+ b?+ c?— a?) (2 be — b?— c? +. a?) 
_ 4¢? ‘ 
_[@ + c)? — a*][a? — (6 — c)?] 
4c; 
—_(@+b+o(+c—a)(atb—c)(a—b+o) 
4¢? 
Leta+b+c=2s, where s stands for semiperimeter. 
Then b+ce—a=a+b+c—2a=2s—2a=2(s—a). 


Hence h?=b?— 


Similarly, at+tb—c= 2(s Se c), 
end a—b+c=2(s—d). 
Hence p= 28-2E— 9) Ea) 20-9, 
c 


Simplifying, and finding the square root, we have 
2. ee ee 
te- Vs(s—a)(s—6)(s—o). 
Hence area of AABC=}ch =Vs(s—a)(s—b)(s—e). 


This proposition dealing with area is included here on account of its 
relation to the numerical theorems given in §§ 234-236. The subject of 
area will be treated fully in Book IV. Similarly, the propositions of 
§§ 234-238 are sometimes given in Book IV and stated in relation to 
the squares on the lines instead of the squares of the lines as here given. 
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2. Find the area of the triangle with sides 8 in., 4 in., 5 in. 


Do this by substituting in the formula of Ex.1, and check by the 
familiar rule that the area is half the product of the base and height. 


3. Using Ex.1, find to the nearest 0.01 sq. in. the area 
of the triangle whose sides are 24 in., 3 in., 4 in. 


4, Find to the nearest 0.01 in. the diagonal of the square 
of which the side is 7 in. 


' §. Find to the nearest 0.01 in. the side of the square of 
which the diagonal is 1 ft. 8 in. 


6. The minute hand and hour hand of a clock are 8 in. 
and 2% in. long respectively. How far apart are the ends of 
the hands at 3 0’clock? 


7. From a point in the ceiling of a room 12 ft. high 

- wires are stretched to two points on the floor 6 ft. and 10 ft. 

respectively from a point directly beneath the one in the 

ceiling. Find to the nearest 0.01 ft. the lengths of the wires. 

8. The sum of the squares of the segments of two 

perpendicular chords of a circle is equal to the square of 
the diameter. 


If AB, CD are the chords, draw the diameter BH, and draw AC, 
_ED, BD. Prove that AC=ED. 


9. The difference between the squares of two sides of a 
triangle is equal to the difference between the squares of 
the segments of the third side made by the perpendicular 
to this side from the opposite vertex. 

10. The square of one of the equal sides of an isosceles 
triangle is equal to the square of any line drawn from the. 
vertex to the base, increased by the product of the segments 
of the base. 

11. The three sides of a triangle are 3in., 4in.,5in. Find 
to the nearest 0.01 in. the length of any median. 
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Proposition 21. Bisector of an Angle 


237. Theorem. The square of the bisector of an angle 
of a triangle is equal to the product of the sides which 
form this angle diminished by the product of the seg- 
ments made by the bisector upon the third side of the 
triangle. 


Given the segment d bisecting ZC of the AABC and forming 
the segments s and s’ on AB. 


Prove that d’=ab—ss'. 


Proof. Circumscribe a © about AABC (§ 188), produce 
CM to cut the © as at Q (Post. 2), and draw QB (Post. 1). 
Since a = «' ($11) and since y = y’' ($ 172), we see that 


ABCQ is similar to AMCA. § 209 

Hence GQ: b=a2d3 § 205 
whence ab=CQ:d=(d+MQ)d=d’+MQ-d. $198, 1 
But MQ: d=ss', § 220 
and hence ab = d*-+-ss', Ax.5 
or d’=ab—ss'. Ax. 2 


This theorem combined with that of § 227 enables us to compute the 
bisectors of the angles of a triangle terminated by the opposite sides, 
if the three sides are known. 
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Proposition 22. Product of Two Sides 


238. Theorem. The product of two sides of any triangle 
is equal to the product of the diameter of the circum- 
scribed circle and the altitude upon the third side. 


_ Given the A ABC with the altitude CP (or A), and CD (or d) 
the diameter of the circumscribed ©. 


Prove that ab = hd. 
Proof. Draw BD. Post. 1 
Then EAC PAIS art 7< § 74 
and “CBD 1s a rt. 2. §173 
Further, x is measured by 3 arc BC, 
and a' ig measured by # arc BC, § 172 
and hence =a", Ax.5 
*, AAPC is similar to ADBC. § 210 
Hence Lee $ 205 
d a 
and ab =hd. § 198, 1 


This proposition closes the list of propositions of a semialgebraic 
nature in Book III. As stated on page 191, they may be omitted without 
destroying the geometric sequence. They are needed for the exercises 
on page 198, but not for those on pages 199 and 200. 
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Exercises. Numerical Relations 


If Ex. 1, page 194, has been solved, find the areas to the 
nearest 0.01 of triangles with sides as follows : 


1e425,.0. 2. 6, 8, 10. 3.278, 1k 4. 1.2, 3, 2.1. 


5. In terms of the sides of a given inscribed triangle, 
find the radius of a circle. 


& 
Consider this exercise only in case § 238 and j 
Ex.1, page 194, have been studied. 
Let CD be a diameter. By § 238, what do we ‘a 


know about the products CA- BC and CD-CP? 

What does this tell us of ab and 27- CP, where r 

is the radius? From Ex. 1, page 194, what does CP D 

equal in terms of the sides? From the above reasoning show that 
abe 


"4Ve@—aye—O(@—e) 


If Ex. 5 has been solved, compute the radii to the nearest 
0.01 of the circles circumscribed about triangles with sides 
as follows: 


6. 3,4,5.  7.-27, 86,452" 8. 7,9 li Oli 


10. Find the medians of a triangle in terms of its sides. 


Omit if § 236 has not been studied. What 
do we know about a?+b? as compared with 
2m? +2(4c)?? 

From this relation show that for the me- 
dian ™ in this figure, 


m=}V2(a?+b2)—c?. 


If Ex. 10 has been solved, find to the nearest 0.01 the three 
medians of triangles with sides as follows: 


11. 3, 4, 5. 12. 6, 8, 10. 13. 6, 7, 8. 14. 7, 9, 11. 


15. Find the altitude of a triangle of which the base is 
4in. and the other sides are 3 in. and 2.5 in. respectively. 
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Exercises. Review 


1. Omitting §§ 234-238, make a list of the numbered 
propositions in Book III, stating under each the proposi- 
tions in Books I-III upon which it depends either directly 
or indirectly, 


2. Omitting §§ 234-238, make another list of the num- 
bered propositions, stating under each the propositions in 
Book III which depend upon it. 


3. The tangents to two intersecting circles, constructed 
from any point in their common chord produced, are equal. 


4. The common chord of two intersecting circles, if pro- 
duced, bisects their common tangents. 


5. If two circles are tangent externally, the common 
internal tangent bisects the two common external tangents. 


6. If three circles intersect one another, the common 
chords pass through the same point. 


Let two of the chords, AB and CD, meet 
at O. Join the point of intersection # to O, 
and suppose that HO produced meets its two 
circles at two different points Q and R. Then 
prove that OQ=OR (§ 220), and hence that 
the points Q and RF coincide with P. 


7. If the bisector of an exterior angle of a triangle meets 
the opposite side produced, the square of this segment 
of the bisector is equal to the prod- 
uct of the segments determined by 
it upon the opposite side, dimin- 
ished by the product of the other two 
sides of the triangle. 

That is, if CD bisects the exterior <BCX of the AABC, we must 
prove that CD’=AD-BD-—AC.-BC. First prove that AADC and 
EBC are similar (§ 209), and then apply § 223. 

P 
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8. If the line of centers of two circles meets the circles 
at the consecutive points A, B, C, D, and meets the common 
external tangent at P, then PA: PD=PB: PC. 


9. The line of centers of two circles meets the common 
external tangent at P, and a secant is drawn from P, cutting 
the circles at the consecutive points W, X,Y, Z. Prove that 
PW-PZ=PX-PY. 

Draw radii to the points of contact, and to W, X, Y, Z. From O’ draw 
O’Z’ || to OX, and show that it coincides with O’Z. 


10. In a circle with a radius of 6 in., chords are drawn 
through a point 2 in. from the center. What is the product 
of the segments of each of these chords? 


11. The chord AB is 6in. long and is produced through 
Bto the point P so that PB=24in. Find the length of the 
tangent to the circle from P. 


12. Two line segments AB and CD intersect at O. How 
would you ascertain, by measuring OA, OB, OC, and OD, 
whether the four points A, B, C, and D lie on the same circle? 


13. This figure shows a center square, an instrument for 
finding the centers of circular objects. The moveable head 
which has the arms OA and OB 
can be fixed by a set screw on 
the blade OC, which always bi- 
sects the Z BOA. Show that, if 
OA and OB rest on a circle, OC 
passes through the center, and 
that by placing the square in 
two positions the center of the circle can be determined. 


14. If three circles are tangent externally each to the 
other two, the tangents at their points of contact pass 
through the center of the circle inscribed in the triangle 
formed by joining the centers of the three given circles. 


BOOK IV 


AREAS OF POLYGONS 
I]. FUNDAMENTAL THEOREMS 


239. Area. If a rectangular piece of paper is 6in. long 
and 4in. wide, we may represent the rectangle by the 
figure here shown. We then see that there are 4 small 
squares in each column and that 
there are 6 columns; hence there 
are 6X4 small squares in the 
whole rectangle. Each of these 
squares is 1 in. on a side, and we 
define the area of such a square 
as one square inch (1 sq. in.). 

Each of the small squares is called a unit of area. The 
area of the piece of paper is 6 X 4sq.in., or 24 sq. in. 

As with the unit of length, a precise definition of these terms for 
the purposes of proof is unnecessary. Among the common units of 
area are 1 sq. in., 1 sq. ft., and 1sq. mi. Sometimes a unit is taken that 


is not commonly in the form of a square, as in the case of the acre; 
but this measure contains 160sq.rd., so that the fundamental unit 


in this case is 1 sq. rd. 


In case the sides of a rectangle are considered as incom- 
mensurable ($164), the subject of areas requires special 
treatment in a manner similar to that used in §§ 312, 313. 
For the present we shall consider the line segments used 
in Book IV as commensurable, as they are for all practical 


purposes of measurement. 
P 


201 


202 FUNDAMENTAL THEOREMS BOOK IV 


240. Equivalent Figures. Figures that have equal areas 
are called equivalent figures. 

For example, the figures shown below are equivalent, 
since the area of each figure is 24 times the area of one 
of the small squares of the coordinate paper. 


PY FACE 
EEE EEE EEE EEE EE EEE EEE EH 


Since congruent figures can be made to coincide, such 
figures are manifestly equivalent. Equivalent figures can- 
not usually be made to coincide, however, and hence they 
are not said congruent, as Is seen above. 


HEHE eerie HEE 


ana +i fer ity 

Peete Poe 
: CREE EEE PrEEEEHE 
Of the above rectangles, A and B are both congruent and 


equivalent; B and C are equivalent but not congruent, and 
similarly for A and C. 


Since the word “‘ congruent ’’ means identically equal, the word 
““equal’’ is commonly used to mean equivalent. Thus, since their 
areas are equal, equivalent figures are frequently spoken of as equal 
figures. The symbol = may be used both for ‘‘equivalent’’ and for 
‘**congruent,’’ as the conditions under which it is used will determine 
which meaning is to be assigned to it. 

In propositions relating to areas the word ‘‘ rectangle ’’ is commonly ' 
used for area of the rectangle, and similarly for other plane figures. | 
It is also the custom to speak of the product of two line segments | 
when we mean the product of their numerical measures. 
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241. Area of a Rectangle. From the preceding discussion 
Wwe may assume as true the statement that 


The area of a rectangle is the product of the base and the 
altitude. 


In case the sides have a common unit of measure, this is readily 
proved from the figure of § 239. In case they have no common measure, 
the proof is similar to the one given in §§ 312, 313. 

If the base is 3 in. and the altitude 2in., the area is 3 x 2sq. in., or 
6sq.in. This is the meaning of the expression ‘‘ the product of the base 
and the altitude.’’ 

In industrial work 2’ is used for 2 ft. and 2” for 2 in. 


If R stands for the number of units of area of a rectangle 
of base 6 units and altitude A units, the above statement 
may be written 


R= bh: 
whence ==, h 
pes b 
and k= P 


formulas that we sometimes use in measuring rectangles. 


242. Ratio of Two Rectangles. In considering the areas of 
two rectangles R and R' we see that 


R_ bh, 

Then if h'=h, we have : . 
Te bh 20. 
R SUR b”’ 


that is, rectangles with equal altitudes are to each other as 


their bases. 
Similarly, rectangles with equal bases are to each other as 


their altitudes. 
As stated in $240, the word ‘‘rectangles’’ is here used for the 
areas of rectangles. 
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Exercises. Areas of Rectangles 


1. Find the ratio of a lot 180 ft. long and 120 ft. wide 
to a field 80 rd. long and 40 rd. wide. 


2. A square and a rectangle have equal perimeters of 
576 in., and the length of the rectangle is five times the 
width. Which has the greater area ? How much greater? 


3. On a certain map the linear scale is 1 in.=20 mi. 
How many acres are represented by a square { in. on a side? 


4. Find the area of a gravel walk 7 ft. wide which sur- 
rounds a rectangular plot of grass 80 ft. long and 50 ft. wide. 


5. Find the number of rods in the perimeter of a square 
field that contains exactly an acre. 


6. Find the number of square inches 
in the cross section of this L beam. 


7. A machine for planing iron plates 
planes a surface 1 in. wide and 9 ft. long 
in 1min. At the same rate per square 
inch, how long does it take to plane a 
plate 12 ft. long and 6 in. wide, allowing 
28 min. for adjusting the machine during the process? 


8. How many tiles, each 6 in. square, does it take to 
cover a floor 36 ft. 6 in. long by 18 ft. wide? 


9. The length of a rectangle is four times the width. 
If the perimeter is 120 ft., what is the area? 


10. Along two adjacent sides of a rectangular field 120 rd. 
long and 80 rd. wide aroad 4 rd. wide is laid out inside the 
field. How many acres are taken for the road? 


11. From one end of a rectangular sheet of iron 12 in. 
long a square piece is cut off such that it leaves 36 sq. in. 
in the rest of the sheet. How wide is the sheet? 
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Proposition 1. Area of a Parallelogram 


243. Theorem. The area of a parallelogram is the 
product of the base and the altitude. 


in 
S 


A 


Given the (/ABCD with base b and altitude h. 
Prove that the area of LJABCD=bh. 
Proof. At B construct BX L to CD, or CD produced, and 


at A construct AY _L to CD, or CD produced. § 105 
The only cases which require special attention are shown above. 
Then AY is ll to BX. § 57 

.. ABXY is a 0 with base b and altitude h. $72 
Since AY=BX and AD=BC, § 78 
then rt. AADY is congruent to rt. ABCX. §71 


Now, considering the quadrilateral ABCY, we have 
ABCY—ABCX =DIABXY, 


and ABCY—AADY=([JABCD. Ax. 10 
But ABCY—ABCX = ABCY— AADY, Ax. 2 
and hence CIABXY=L/ABCD. Axo 
But CARS — on. § 241 
wal=/ ABCD = bh. Ax.5 


By this theorem we have proved the correctness of a formula with 
which the student has long been familiar. 
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Proposition 2. Area of a Triangle 


944, Theorem. The area of a triangle is half the product 
of the base and the altitude. 


Given the A ABC with base b and altitude h. 
Prove that the area of AABC=4 bh. 
Proof. With CA and ABas adjacent sides construct the 


CIABDC. § 107 
Then AABC=3LIABDC. §77 
But CIABDC=bh. § 243 

. AABC=}h bh. Ax.4 


245. Corollary. Triangles with equal bases and equal alti- 
tudes are equivalent ; and similarly for parallelograms. 

For, whatever the shape, the area of the A is } bh, and the area of 
the [7 is bh. 

246. Corollary. Triangles with equal bases are to each 
other as their altitudes; triangles with equal altitudes are 
to each other as their bases; any two triangles are to each 
other as the products of their bases and altitudes; and 
similarly for parallelograms. 

Has this been proved for 1? What is the relation of a Ato aM 


of equal base and equal altitude? What must then be the relations 
of A to one another? Can the same be proved for 4/7? 
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Proposition 3. Area of a Trapezoid 


247. Theorem. The area of a trapezoid is half the’ 
product of the altitude and the sum of the bases. 


Given the trapezoid ABCD with bases b and b’ and altitude h. 
Prove that the area of ABCD=+sh(b+)’). 


Proof. Draw the diagonal AC. Post. 1 
Then A ABC =3 bh, 
and AACD =i bh. § 244 
Hence ABCD =3bh+3bh; Aol 
that is, ABCD=yh(b+0’). 


248. Area of an Irregular Polygon. The area of an irregular 
polygon may be found by dividing the polygon 
into triangles and trapezoids and then find- 
ing the area of each of these triangles and 
trapezoids separately. 

- A common method used in land surveying is as 
follows: Draw the longest diagonal, construct perpen- 
diculars upon this diagonal from the other vertices of 
the polygon, as shown in the figure, and then measure 
each of the dotted lines. The sum of the areas of the right triangles, 
rectangles, and trapezoids thus formed is the area of the polygon. 

The studentshould see that he can now measure any rectilinear figure. 
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Exercises. Areas 


1. Find the area of a trapezoid of which the bases are 
17 in. and 13 in. respectively and the altitude is 7.5 in. 

2. Arailway embankment is 30ft. 
high, 80 ft. wide at the top, and 116 ft. 
wide at the bottom. Find the area of 
the cross section. 

3. A canal is 36 ft. deep, 240 ft. nT at the top, and 

200 ft. wide at the bottom. Find the area of the cross section. 
‘ 4. A polygon of six sides is made up of six congruent 
triangles such that the base of each triangle is 4 in. and 
its altitude is 2\/3in. Find the area of the polygon to the 
nearest 0.1 sq. in. 

5. In surveying the field here shown a 
surveyor laid off a north-and-south line NS 
through A and then found that BB! =6 rd., 
CC'=10rd., DD'=rd., B'A=8rd., B'C'=12 rd., 

c'D'=4rd. Find the area of the field. 


6. In Ex.5, what would be the area if each = 
of the given measurements were doubled? 


7. The area of a trapezoid is the product of the alti- 
tude and the line segment joining the midpoints of the 
nonparallel sides. 

8. Find the area of the cross section of 
the steel girder here shown. 

9. In Ex. 8, what would be the area if 
each of the given measurements were multi- 
plied by three? 

10. The product of the sides forming the 
right angle of a right triangle is equal to 
the product of the hypotenuse and the altitude upon it. 
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Proposition 4. Ratios of Areas of Triangles 


249. Theorem. [f an angle of one triangle is equal to 
an angle of another, the triangles are to each other as 
the products of the sides forming the equal angles. 


Given the AABC and ADE with the common 7A. 
AABC _AB-AC. 


Prove that = 
AADE AD-AE 
Proof. Draw BE. Post. 1 
Then AABC _ AC. 
NABH VA 
IVA BE AB 
d —— "+ =, 
an ea § 246 


because A with equal altitudes are to each other as their bases. 


Since we are considering numerical measures, we may 
treat the terms of these proportions as numbers. 
Taking the product of the first members and the product 
of the second members of these equations, we have 
AABE-AABC _ AB: AC | Ags 
AADE:AABE AD-AE 


Then, canceling A ABE, we have the proportion 
AABC _AB-AC, 
AADE AD-AE 


210 FUNDAMENTAL THEOREMS BOOK IV 


Proposition 5. Similar Triangles 


250. Theorem. The areas of two similar triangles are to 
each other as the squares on any two corresponding sides. 


Given the similar A ABC and A'B'C'. 


RARBG? Fe 
Ix that ee eae 
rove tha AA'B'C' 2 
Proof. Since AABC is similar to AA'B'C', Given 
we have LAS A’ § 205 
AABC be 
Then —— =|” 
AA'B'C' be ae 
because --- the A are to each other as the products of the 
sides forming the equal 4; 
that is, AABC _}b cc. 
BAB CNste ec 
But joer. § 205 
Oee 
Substituting 4 for its equal, a, we have 
QABC _¢ ¢ 
AA'B'C' cl mh Ax.5 
AABC c 


or eS ae, 


§§ 250, 251 AREAS OF POLYGONS 211 


Proposition 6. Areas of Polygons 


251. Theorem. The areas of two similar polygons are to 
each other as the squares on any two corresponding sides. 


Prove that — aes 


Proof. By drawing all the diagonals from any two corre- 
sponding vertices the two similar polygons are separated 
into the similar AP, P’; Q, Q'; R, R’. § 225 

2 2 2 
Then MTOM 8S OE OES OY ee ne § 250 


ING aa RN Ca 


Hence RR NOP Ax.5 
Then ee Bete: ==. § 198, 8 
But ae = a Q Proved 
Then pee eae = ’ Ax. 5 
and hence S= = ; Ax. 10 


q 
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Proposition 7. Pythagorean Theorem 


252. Theorem. The square on the hypotenuse of a right 
triangle is equivalent to the sum of the squares on the 
other two sides. 


Given the rt.A ABC with the rt. ZC, and the squares con- 
structed on the sides a, b, c respectively. 


Prove that e?=074+0, 

Proof. Construct CX Il to AR (§$ 107), and draw BQ and CR. - 

Since w and z are rt. 4, then 7 PCBis a st. Z. $13 

Hence PCB is a st. line; and similarly for ACN. §18 

Then AR=AB, AC=AQ, §15 
and ZRAC=ZBAQ. « (AxoL 

.. AARC is congruent to AABQ. § 40 
But Oax=2AARC, $244 4 


because they have the same base AR and the same altitude RX. 
Similarly, b= 2AABQ=2AARC. 
. BAS. Ax.5 
Similarly, OBxX=a", 
.. DAX+0BX=0'+ 7, or C= VHB. Azxrt 


ha 
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253. Corollary. The square on either side of a right tri- 
angle is equivalent to the difference between the square on 
the hypotenuse and the square on the other side. 

For, since = a?+ b?, § 252 
then c?— a? = b?. Ax. 2 


254. Pythagorean Theorem. The fact that the square on 
the hypotenuse is equivalent to the sum of the squares on 
the other two sides has, of course, long been known to the 
student. It is usually learned in arithmetic, and we have 
already given an algebraic proof in $218. Various geo- 
metric proofs may be given, but the one in § 252 is the 
most satisfactory for beginners. This proof is attributed 
to Euclid, a famous mathematician who lived in Alexandria, 
in Egypt, about 300 B.c. Euclid wrote the first great text- 
book on geometry, and taught in the world’s first great 
university, an institution founded by one of the Greek 
kings of Egypt. 

It is thought, as stated in § 218, that Pythagoras gave 
the first proof of this theorem about 5258B.c., but it is not 
certain that he did so. Pythagoras founded the world’s 
first great school of mathematics at Crotona, in the south- 
eastern part of Italy, which was then a Greek colony. 


If § 218 has been thoroughly mastered, § 252 may be omitted. 


From a study of the theorem we see that the diagonal 
and side of a square are incommensurable. 


For @C=s?+s%, 
or d?=2s%. $s 
Hence d=sv2. ee 


Since V2 may be carried to as many decimal places - 
as we please, but cannot be exactly expressed as a rational number, it 


aad —- : 
has no common measure with 1. That is, in 2, an incommensurable 


number, and hence the diagonal and side are incommensurable. 
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Exercises. Areas 


Find the areas of the parallelograms whose bases and 
altitudes are respectively as follows: 


1. 45in, 22in. 2. 541t, 244. 3) 420. 6in> am 
Find the areas of the triangles whose bases and altitudes 
are respectively as follows: 
4, 2.8in., 3in. 5. 1st 616 6. 4 Tt. Ging 2tt. 
Find the areas of the trapezoids whose bases are the first 


two of the following numbers, and whose altitudes are the 
third numbers: 


7s 28 ft. 44 ft; 5 in. 8. 4ft.7in., 3 ft.; 16 in. 
Find the altitudes of the parallelograms whose areas and 
bases are respectively as follows: 
9.20 sq.in., L0in-~ 10.8 sqott, 3 i. li. Wsate aie 
Find the altitudes of the triangles whose areas and bases 
are respectively as follows: 
12. 9sq.in., 4in. 18. 7 sq.ft, 2ft 14. llsq. yd, S ya: 
15. Find the altitude of the trapezoid whose area and 


bases are 33 sq. in., 5 in., and 6 in. respectively. 


Given the sides of a right triangle as follows, find the 
hypotenuse to the nearest 0.01 ft. : 
} 
16. GO ft, S0ft. 17. 40ft,60ft. 18. T7ft. Gin, 9ft. 
Given the hypotenuse and one side of a right triangle as 
follows, find the other side to the nearest 0.01 ft.: 
19. 25 ft., 20ft. 20. 20ft,.12ft. 21, Sift.4in, ott 


§ 254 EXERCISES 215 


22. The square constructed upon the sum of two line 
segments is equivalent to the sum of the D 
squares constructed upon the two segments, a 
increased by twice the rectangle of the 
segments. a 


Given the two line segments AB and BC, their A 
sum AC, and the squares AG and AE constructed 
upon AC and AB respectively. Complete the figure as shown. Then 
the square AG is the sum of the squares AE, EG and the E] DE, CE. 

This proves geometrically the algebraic formula 


(a+ 6)?=a?+2ab+6?. 


pie 


23. The square constructed upon the difference between 
two line segments is equivalent to the sum RP 
of the squares constructed upon the two 
segments, diminished by twice the rectangle ste 

'B 


of the segments. 

Given the two line segments AB and AC, their A 
difference BC, the square AF’ constructed upon AB, ee 
the square AG upon AC, and the square CE upon 
BC. Complete the figure as shown. Then the square CE is the differ- 
ence between the whole figure and the sum of two rectangles. 

This proves geometrically the algebraic formula 


(a —b)?=a?—2ab+ b?. 


C 
G 


24. The difference between the squares constructed upon 
two line segments is equivalent to the rectangle of the sum 
and difference of these lines. ae 

Given the squares AD and CE constructed upon ——D 
AB and BC respectively. Show that the difference 
between the squares AD and CE is equivalent to 
the (1 AF, with dimensions AB+BC and AB— BC. Par 

This proves geometrically the algebraic formula A +—p 

a?— b?= (a+ 6) (a— 8). 

Before our present algebra was invented the algebraic laws given 

in Exs. 22-24 were proved as above by geometry. 
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25. An extension ladder 77 ft. long is placed with its top 
against a wall, and its foot 46.2ft. from the base of the 
wall. How high, to the nearest 0.1 ft., does the ladder 
reach on the wall? 


26. Galileo (1564-1642), who was the first to use the tele- 
scope in astronomy, found the height of a mountain on the 
moon by the aid of the Pythagorean Theo- M 
rem. On a map of the moon he measured the 
distance d from the top of the mountain M@ 
when it was touched by the sun’s rays to the 
line dividing the light half of the moon from 
the dark half. Representing the height by h and the radius 
of the moon by r, he saw that 


(h+ryY=r?+ d*. 

Find h, given that the radius of the moon is 1081 mi. 

Students who have had quadratics should solve this equation for h, 
then substitute 1081 for 7, and find that A =— 1081+<V10812+ d?, where 
his in miles. An approximate solution in feet is h=2.44 d*. 

27. Find a formula for the altitude A of an equilateral 
triangle in terms of its side s. 

28. Find a formula for the side s of an equilateral triangle 
in terms of its altitude h. 


29. If A is the area of an equilateral triangle with side 
s, prove that A=}3 V3. 

30. Find the length of the longest chord and of the 
shortest chord that can be drawn through a point 1 ft. 
from the center of a circle with a radius of 20 in. 

31. If the diagonals of a quadrilateral intersect at right 
angles, the sum of the squares on one pair of opposite sides 
is equivalent to the sum of the squares on the other pair. 


32. The area of a rhombus is half the product of its 
diagonals. 


Sun 
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33. Two triangles are equivalent if the base of the first 
is equal to half the altitude of the second, and the altitude 
of the first is equal to twice the base of the second. 

34. The area of a circumscribed polygon is half the 
product of the perimeter of the polygon and the radius of. 
the inscribed circle. 

35. If equilateral triangles are constructed on the sides of 
a right triangle, the triangle on the hypotenuse is equiva- 
lent to the sum of the triangles on the other two sides. 

36. If similar polygons are constructed on the sides of a 
right triangle as corresponding sides, the polygon on the 
hypotenuse is equivalent to the sum of the polygons on the 
other two sides. 

Ex. 36 is one of the general forms of the Pythagorean Theorem. 


37. Every line drawn through the intersection of the 
diagonals of a parallelogram bisects the parallelogram. 

38. If lines are drawn from any point within a parallelo- 
gram to the four vertices, the sum of either pair of triangles 
with parallel bases is equivalent to the sum of the other pair. 


39. If a quadrilateral with two sides parallel is bisected 
by either diagonal, the quadrilateral is a parallelogram. 

40. The line that bisects the bases of a trapezoid divides 
the trapezoid into two equivalent parts. 


41, The triangle formed by two lines drawn from the 
midpoint of either of the nonparallel sides of a trapezoid 
to the opposite vertices is equivalent to half the trapezoid. 


42. The sides of a triangle are 1.4 in., 1.2 in., and 1.4 in. 
respectively. Is the largest angle acute, right, or obtuse? 
43. The sides of a triangle are 9.5 in., 14.1 in., and 17 in. 
respectively. Is the largest angle acute, right, or obtuse? 
eg 
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44. Find to the nearest 0.1 sq. in. the area of an isosceles 
triangle whose perimeter is 28 in. and whose base is 8in. 


45. Upon any two sides AC and BC of a given AABC 
the /5/CM and CN are constructed. Pp 
Two sides of these parallelograms ¢ 
are produced to meet at P as here 
shown, the line PC is drawn and 
produced so that QR = PC, and then 
the JAT is constructed with BT R 
equal to and parallel to QR. Prove that CM+CN= AT. 


This interesting generalization of the Pythagorean Theorem is due 
to the Greek geometer Pappus, about A.D. 300. It is not difficult to 
derive the Pythagorean Theorem from it by starting with a right 
triangle and by making CM and CN squares. 


46. Prove the Pythagorean Theorem by 
using this figure. 
Show that the four large right triangles are equiv- 
alent. If the two triangles marked 7 and 7” are 
taken from the whole figure, there remains the sum 
of the squares on the two sides. If the other two triangles are taken 
from the whole figure, there remains the square on the hypotenuse. 


47. Find the area of a right triangle if the hypotenuse 
is 3.4in. and one of the other sides is 1.6 in. 


48. Find the ratio of the altitudes of two equal triangles 
if the base of one is 8 in. and that of the other is 9 in. 


49. The bases of a trapezoid are 68in. and 60in., and 
the altitude is 4in. Find the side of a square with the 
same area. 

50. Thecrosssection of aV-thread on 
ascrew is an equilateral triangle. The 
distance p between successive threads 
is known as the pitch of the a and the distanced as the 
depth of the thread. If » =+in., what is the aris of d? 
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II. FUNDAMENTAL CONSTRUCTIONS 
Proposition 8. Sum of Two Squares 


255. Problem. Construct a square equivalent to the 
sum of two given squares. 


Given the squares a’ and 0’ with sides a and 6 respectively. 
Required to construct a square equivalent to a’+ 6’, 


Construction. On any line construct the rt. ZC (§ 104), 
and on its arms take CB=a and CA=6, 


Draw AB, or ¢. Post. 1- 
With c as a radius, construct the required square c’ by 
drawing arcs as shown. Post. 4 
Proof. e=a'+b" § 252 


256. Purpose of These Constructions. Since the area of a 
square is easily found, it is often advantageous to trans- 
form a rectilinear figure into a square. It is also helpful 
to combine several squares into a single square, by first 
finding a square equivalent to two of the squares, and then 
combining this square with a third one, and so on. 

The student may omit §§ 255-260 without interfering with the sub- 


sequent work, and should omit §§ 261 and 262 unless preparing for more 
advanced work in mathematics. In some courses § 257 is required. 
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Proposition 9. Transforming a Polygon 


257. Problem. Construct a triangle equivalent to a 
given polygon. 
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Given the polygon ABCDEF. 
Required to construct a A equivalent to ABCDEF. 


Construction. Let B, C, and D be any three consecutive 
vertices of the polygon. 


Draw the diagonal DB. Post. 1 
From C construct a line || to DB. § 107 
Produce AB to meet this line at Q, Post. 2 
and draw Da. Post. 1 


Similarly, draw EQ, and from D construct a line Il to EQ, 
meeting AB produced at R, and draw ER. 
Continue to reduce the number of sides of the Pe 
until the required AEPR is obtained. 
Proof. Polygon AQDEF has one side less than ABCDEF. 
Now ABDEF is common to both polygons, 
and ABQD=ABCD. § 245 
.. AQDEF = ABCDEF. Ax.1 
Similarly, AREF = AQDEF, and EPR=AREF. 
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Proposition 10. Transforming a Parallelogram 


258. Problem. Construct a square equivalent to a given 
parallelogram. 


Given the (/ ABCD with base b and altitude h. 
Required to construct a square equivalent to LJ ABCD. 
Construction. On any line take NP=h and PM=0. 


Construct the mean proportional s to h and b. § 232 
With s as radius, construct the required square s’ by 
drawing arcs as shown. Post. 4 
Proof. Since sis L to NM, Const. 
then his=s20, § 217 
es = Ol, § 198, 1 
But LIABCD= bh. § 243 
.. &=CIABCD. Ax.5 
259. Corollary. Construct a square equivalent to a given 
triangle. 
Construct s so that Osi 1S celts 
260. Corollary. Construct a square equivalent to a given 
polygon. 


Reduce the polygon to an equivalent A (§ 257), and then construct a 
square equivalent to this A (§ 259). 
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Exercises. Constructions 


1. Construct a square which shall have twice the area 
of a given square. 

2. Construct a triangle equivalent to the sum of any 
two given triangles. 

3. Construct a right triangle equivalent to a given 
oblique triangle. 

4, Construct a rectangle equivalent to a given parallelo- 
gram, and with its altitude equal to a given line. 

5. Construct a triangle equivalent to a given triangle, 
and with one side equal to a given line. 

6. Construct a right triangle equivalent to a given tri- 
angle, and with one of the sides of the right angle equal 
to a given line. 


7. Construct a right triangle equivalent to a given tri- 
angle, and with its hypotenuse equal to a given line. 


8. Divide a given triangle into two equivalent parts by 
a line through a given point P in the base. 


9. Construct a polygon similar to two given similar 
polygons and equivalent to their sum. 
Exs. 9-12 are often given in older geometries as fundamental con- 
structions, but in later textbooks they are usually omitted or are 
given as optional problems. Since they are not needed in proving other 


propositions, they may be omitted except by students who are special- 
izing in mathematics. 


10. Construct a polygon similar to a given polygon and 
such that it has a given ratio to it. 


11. Construct a polygon similar to a given polygon and 
equivalent to another given polygon. 


12. Construct a square which shall have a given ratio to 
a given square. 
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Ill. SUPPLEMENTARY CONSTRUCTIONS 
Proposition 11. Constructing a Parallelogram 


261. Problem. Construct a parallelogram equivalent 
to a given square, and with the sum of its base and 
altitude equal to a given line. 
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Given the square s* with side s, and the line AB. 

Required to construct a LJ equivalent to s’, and with the 
sum of its base and altitude equal to AB. 

Construction. Bisect AB as at O(§102), and with O as 
center and OA as radius, construct a semicircle (Post. 4). 

At A construct a L to AB ($104), and onit take AC=s. 

At C construct CD || to AB, cutting the © at P. § 107 

At P construct PQ to AB. $105 

Then any (/, as M, with AQ for altitude and QB for base 
is equivalent to s”. 

Proof. Since AQ: PQ=PQ: QB($ 217), then PQ’ = AQ-QB, 
and since P@ is || to CA (§ 57), we have PQ=CA=s(§ 80). 

wAQ*QB=s. Ax.5 
Then M=AQ:QB=s'. § 243, Ax. 5 


This theorem solves geometrically the equations x+y=a, xy=b. 
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Proposition 12. Constructing a Parallelogram 


262. Problem. Construct a parallelogram equivalent to 
a given square, and with the difference between its base 
and altitude equal to a given line. 


Given the square s? with side s, and the line AB. 


Required to construct a FJ equivalent to s’, with the differ- 
ence between its base and altitude equal to AB. 


Construction. Bisect AB as at O ($102), and with O as 
center and OA as radius, construct a © (Post. 4). 


At A construct a tangent to the ©, § 195 
and on it take AC== 
Through Odraw CD as shown. Post. 1 


Then any (/, as CM, with CD for its base and CEH for its 
altitude, is equivalent to s’. 


Proof. CD ss==57 Cr. § 222 
ig’ C DOR. § 198, 1 

But CM=CD* CE. § 243 
~ Gidea oe Ax.5 
Also, CD —CE=ED=AB. $1343 


By this theorem we solve geometrically the algebraic problem of 
finding x and y in the equations x — y=a, cy =b. 


= 
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Exercises. Review 


1. Omitting §§ 255-262, make a list of the numbered 
propositions in Book IV, stating under each the proposi- 
tions in Books I-IV upon which it depends either directly 
or indirectly. 


2. This figure shows dn angle cut by parallel lines. Prove 


that «=ab, and thus show that we may 1 a 
construct a line segment equal to the prod- : \ . 
uct of two line segments. e 


We thus see that we may think of a line, as well 
as a rectangle, as representing the product of two line segments. 


3. Draw a figure of about this shape. 
Then construct a triangle equivalent to this 
polygon. Finally, construct a square equiva- 


lent to the triangle, measure the square, and 
thus find the area of the original polygon. 

4. Construct a square equivalent to the difference be- 
tween two given squares. 

5. This figure represents the cross section of a barn. 


Find the area of the section. 
In finding the number of cubic feet in the barn 20" 
we multiply the area of the cross section by the 
length of the barn. This shows a reason for finding 4g" 
the areas of the cross sections of barns, pipes, canals, 
railway embankments, and the like. - 


6. In this figure the 7 BCDA and ECDF are equivalent. 
Prove that the triangle formed by join- 


D 
ing F to A and B is equivalent to either A a 
parallelogram. 
7. In the figure of Ex.6 draw the p Cc Bp 


diagonals AC and FC. Then prove the 
quadrilateral ACFD equivalent to either parallelogram. 
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8. In surveying the field ABCD a sur- 
veyor runs a north-and-south line through 
A, and from it lays off the 1s BB’, CC’, and 
DD'. By measuring he finds that BB'=38 rd. 
Cc'=35rd., DD'=14rd., B'A=28 rd., BC'= 
42rd., and AD'=26rd. Find the area of 
the field in square rods; in acres. 


9. Wishing to find the area of a field ABCD bounded 
on one side by a river, a surveyor made a map as here 
shown by constructing the ls AD, 
P'P, Q'Q, R'R, BC to AB. He found 
that AP’ = 26 rd., P'Q'=18 rd., Q'R' 
=23rd. R'B=18rd. AD=25rd., 
PP'= 42rd., QQ'=32rd., RR'=838 rd., 
BC=85rd. Find the approximate area of the field. 


10. In this figure, ABCD is a parallelogram. Prove that 
APQB is equivalent to APRA. P 


11. Generalize Ex. 10 by first let- D QA \R_ ¢ 
ting P move down to rest on the 
line DC and seeing if Ex.10 holds 
true. Then let P move down below 
DC so as to lie within the parallelo- 
gram, and let Q lie on AP produced and R on BP produced. 


12. If P is any point in the diagonal AC of LJABCD, then 
AABP is equivalent to AAPD. 


13. A surveyor wishes to divide a field ABCD into two 
equivalent parts by a line DP drawn 
from the vertex D. How should he CG 
proceed to do it? 


A B 


Let M bisect AC and construct MP || to 
DB. From this suggestion show how the A 
surveyor solved the problem. 
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REGULAR POLYGONS AND THE CIRCLE 
I. FUNDAMENTAL THEOREMS 


263. Regular Polygon. A polygon that is both equiangular 
and equilateral is called a regular polygon (§ 92). 


264. Circumscribed and Inscribed Circles. It will be proved 
in $$ 269 and 270 that a circle can be circumscribed about, 
and a circle can be inscribed in, any regular polygon ($ 156), 
and that these circles are concentric (§ 157). 


265. Radius. The radius of the circle circumscribed about 
a regular polygon is called the radius of 
the polygon. 

In this figure, 7 is the radius of the polygon. 


266. Apothem. The radius of the circle 
inscribed in a regular polygon is called 
the apothem of the polygon. 


In the figure, a is the apothem of the polygon. The apothem is evi- 
dently perpendicular to the side of the regular polygon (§ 147). 


267. Center. The common center of the circles circum- 
scribed about and inscribed in a regular polygon is called 
the center of the polygon. 

268. Angle at the Center. The angle between the radii 
drawn to the extremities of any side of a regular polygon 
is called an angle at the center of the polygon. 


In the figure, m is an angle at the center of the polygon. 
227 
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Proposition 1. Circumscribed Circle 


269. Theorem. A circle can be circumscribed about any 
regular polygon. 


Given the regular polygon ABCDE. 
Prove that a © can be circumscribed about ABCDE. 
Proof. Let O be the center of a © constructed through 


three vertices A, B, C of the polygon. § 190 
Draw OA, OB, OC, OD. Post. 1 
Then OB=0OC. § 134, 1 
Further, AB=CPE. § 263 
Also, ZCBA=ZDCR § 268 

and ZCBO= ZOCB. § 42 

.. ZOBA= ZDCO. Ax. 2 
Then AOAB is congruent to AODC, § 40 
and hence OA = OD. § 38 


Then the © through A, B, C passes through D. $184,6 
In like manner, it can be proved that the © through B, C, 
and D passes through EF; and so on. 


Hence the © constructed with O as center and OA as 
radius is circumscribed about the polygon. § 156 
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Proposition 2. Inscribed Circle 


270. Theorem. A circle can be inscribed in any regular 
polygon. 


Given the regular polygon P. 
Prove that a © can be inscribed in P. 
Proof. Let O be the center of the © circumscribed about 


polygon P. § 269 
Since the sides of P are equal chords of the circum- 
scribed © ($156), they are equidistant from O. § 150 


Hence the © constructed with O as center and with the 
| OA as radius (§ 146) is inscribed in the polygon. § 156 

271. Corollary. The angles at the center of any regular 
polygon are equal, and each is supplementary to an interior 
angle of the polygon. 

The 4 at the center are corresponding 4 of congruent A. 

Further, in the figure of § 269, ZAOB+ ZOBA + ZBAO=180°, and 
ZBAO=ZCBO. Hence ZAOB+ ZCBA=180°. 

272. Corollary. An equilateral polygon inscribed in a circle 
is a regular polygon. 

Why are the 4 also equal? 

273. Corollary. An equiangular polygon circumscribed 
about a circle is a regular polygon. 


By joining consecutive points of contact of the sides show that cer- 
tain isosceles A are congruent, and thus prove the polygon equilateral. 
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Proposition 3. Inscribed and Circumscribed Polygons 


274. Theorem. If a circle is divided into any number 
of equal arcs, the chords of these ares form a regular 
inscribed polygon; and the tangents at the points of 
division form a regular circumscribed polygon. 


Given the © O divided into equal arcs by A, B, C, D, and E, 
the chords AB, BC, CD, DE, EA, and the tangents PQ, QR, 
RS, ST, TP at E, A, B, C, D respectively. 


Prove that ABCDE is a regular inscribed polygon and 
that PQRST is a regular circumscribed polygon. 


Proof. The arcs AB, BC, CD, DE, EA are equal. 


Given 

Hence AB=BC=CD=DE=FA,; § 139 
because if two ares --- are equal, the arcs have equal chords. 

Also, ABCDE is inscribed in the ©. § 156 

*, ABCDE is a regular inscribed polygon. S22 

Since the ares are equal, Given 

ZP=2Z0=ZR=25S27 $179 


because an Z formed by --- two tangents --- is measured by half 
the difference between its intercepted arcs. 


Also, PQRST is circumscribed about the ©. § 156 
.. PQRST is a regular circumscribed polygon. § 278 
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275. Corollary. Tangents to a circle at the vertices of a 
regular wscribed polygon form a regular circumscribed 
polygon of the same number of sides. 

For it is shown in §274 that PQRST is a regular circumscribed 


polygon. It has as many sides as there are vertices of ABCDE, and 
ABCDE has as many vertices as it has sides. 


276. Corollary. Tangents to a circle at the midpoints of 
the arcs of the sides of a regular inscribed polygon form a 
regular circumscribed polygon, whose sides 
are parallel to the sides of the inscribed poly- 
gon and whose vertices lie on radii produced 
of the inscribed polygon. 

Since M is the midpoint of are AB (given), then 
ZA’OM=2ZB’OM (§ 187). Also, OA = OB (§ 184, 1), 
and OM is acommon side. Hence OM bisects AB (§§ 40, 38). Then, since 
two corresponding sides AB and A’B’ are both 1 to OM (§§ 142, 147), 
they are Il (§ 57). 

Further, since the tangents MB’ and NB’ intersect at a point equi- 
distant from OM and ON (§ 149), they intersect upon the bisector of 
ZMON (§183). But OB bisects 7MON (§ 137). Hence MB’ and NB’ 
intersect on OB produced. 


277. Corollary. Lines drawn from each vertex of a regular 
inscribed polygon to the midpoints of the arcs of adjacent 
sides of the polygon form a regular inscribed polygon of 
double the number of sides. R 

Let ABCD be the given inscribed polygon, and D, C 
P, Q, R, S the midpoints of the arcs of its adjacent 
sides. Then because arcs AP, PB, BQ,---are halves S Q 
of equal arcs (§ 140), they are equal (Ax. 4). Hence 
APBQC..-- is a regular inscribed polygon (§ 274), A 'B 
and since each arc of polygon ABCD now has two P 
chords in place of one, the polygon APBQC--- has double the number 
of sides of the polygon ABCD.’ 

The work on inscribed and circumscribed polygons is essential to 
the understanding of the propositions in connection with the measure- 
ment of the circle, as will be shown later. 
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Exercises. Inscribed and Circumscribed Polygons 


1. The perimeter of a regular inscribed polygon is less 
than the perimeter of a regular inscribed polygon of double 
the number of sides; and the perimeter of a regular 
circumscribed polygon is greater than that of a regular 
circumscribed polygon of double the number of sides. 


2. Tangents at the midpoints of the arcs 
between adjacent points of contact of the sides 
of a regular circumscribed polygon form a 
regular circumscribed polygon of double the 
number of sides. 


3. The radius drawn to any vertex of a regular polygon 
bisects the angle at the vertex. 


In a square of side s and radius r find the following: 
4, r when s=8. 5. s when r=9. 


Iv an equilateral triangle of side s, radius r, apothem a, 
and area A find the following: 


6. s when r=4. 8. s when a= V3. 
7. a when s=V3. 9. A whens=V3. 


Find the area of the square inscribed in a circle of radius: 
10. 4 in. 11. 6in. 12. 10 in. 13. inches. 


In a regular octagon (§ 90) find the number of degrees in: 
14. The angle at the center. 
15. Each angle of the polygon. 
16. The sum of one angle at the center and one angle 
of the polygon. 
17. The radius of an equilateral triangle is how many 
times the apothem? what part of the side? 
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Proposition 4. Similar Regular Polygons 


278. Theorem. Two regular polygons of the same num- 
ber of sides are similar. 


Given the regular polygons P and P’, each of n sides. 


Prove that P and P' are similar. 
Proof. Since P and P' are regular, Given 
then each Z of P =(n — 2)/nst. J, 
and each Z of P'=(n—2)/nst. A. § 96 
.. Pand P' are mutually equiangular. Ax.5 
Furthermore, C0 === 6 =e, 
and g=b=¢=d'=e¢: $ 263 
Then $$ 5-5; Ax. 4 
that is, the corresponding sides of Pand P’ are proportional. 
.. Pand P' are similar. § 205 


279. Corollary. The areas of two regular polygons of the 
same number of sides are to each other as the squares on any 
two corresponding sides. 

Since the polygons are similar (§ 278), their areas are to each other 
as the squares on any two correspending sides (§ 251). 

P 
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Proposition 5. Perimeters of Regular Polygons 


280. Theorem. The perimeters of two regular polygons 
of the same number of sides are to each other as their 
radii, and also as their apothems. 


Given two regular polygons of n sides, with centers Oand O', 
perimeters p and p', radii rand r' (or OA and O'A'), and apo- 
thems a and a! (or OM and O'M') respectively. 


Prove that p:pl=r:r'=a:a'. 
Proof. Draw the radii OB, O'B'. Post. 1 
Now p:p'=AB:A'B'. §§ 278, 224 
Furthermore, ZAOB=ZA'O'B', § 271, Post. 9 
and OAs OB=1=0A 0 BR’ § 134, 1 
Hence AOAB and O'A'B' are similar, $218 
and AB: A'B'=r <r": § 205 
Also, AAMO and A'M'O' are similar. § 210 
Hence 7 Sas ee § 205 
“pip =r:r'=a:a'. Axo 


281. Corollary. The areas of two regular polygons of the 
same number of sides are to each other as the squares on the 
radii of the circumscribed circles, and also as the squares on 
the radii of the inscribed circles. 
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Proposition 6. Area of a Regular Polygon 


282. Theorem. The area of a regular polygon is half 
the product of its apothem and its perimeter. 


Given the regular polygon ABCDEF with apothem a, perim- 
eter ), and area S. 

Prove that S=tap. 

Proof. Draw the radii OA, OB, OC,--- to the successive 
vertices of the polygon, thus dividing the polygon into as 


many congruent A (§ 47) as it has sides. 
The apothem is the common altitude of these A, and the 


area of each A is $a X the base. § 244 
Hence the sum of the areas of all the congruent A is 
+a X the sum of all the bases. Ax.1 
But the sum of the areas of the A is the area of the poly- 
gon, and the sum of the bases is its perimeter. Ax. 10 
.. S=sap. Ax. 5 


283. Similar Parts. In different circles similar arcs, simi- 
lar sectors, and similar segments are such arcs, sectors, and 
segments as correspond to equal angles at the center. 

For example, two ares of 30° in different circles are similar arcs, 
and the sectors formed by drawing radii to the ends of the arcs are 
similar sectors. 
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Exercises. Regular Polygons 


1. Find the ratio of the perimeters and the ratio of the 
areas of two regular hexagons whose sides are 4in. and 
8 in. respectively. 


9. Find the ratio of the perimeters and the ratio of 
the areas of two regular octagons whose sides are in the 
ratio 4:2. 


3. Find the ratio of the perimeters of two squares whose 
areas are 484 sq. in. and 121 sq. in. respectively. 


4, Find the ratio of the perimeters and the ratio of the 
areas of two equilateral triangles whose altitudes are 9 in. 
and 36 in. respectively. 


5. The area of one equiangular triangle is 16 times that 
of another. Find the ratio of their altitudes. 


6. The area of the cross section of a steel beam 2 in. 
thick is 24sq.in. What is the area of the cross section of 
a beam of the same proportions and 13 in. thick? 


7. Squares are inscribed in two circles of radii 6 in. and 
18 in. respectively. Find the ratio of the areas of the squares, 
and also the ratio of the perimeters. 


8. Squares are inscribed in two circles of radii 6 in. and 
24 in. respectively, and on the sides of these squares equi- 
lateral triangles are constructed. What is the ratio of the 
areas of these triangles? 


9. A square piece of timber is sawed from a round log 
2 ft. in diameter so as to have the cross section of the timber 
the largest possible. What is the area of this cross section ? 
What is the area of the cross section of the largest square 
beam that can be cut from a log of half this diameter ? 
10. Every equiangular polygon inscribed in a circle is 
regular if it has an odd number of sides. 
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II. FUNDAMENTAL CONSTRUCTIONS 
Proposition 7. Inscribed Square 


284. Problem. Inscribe a square ina given circle. 


Given a © with center O. 


Required to inscribe a square in the ©. 


Construction. Draw any diameter AOC. Post. 1 
At Oconstruct the diameter DB-L to AC. § 104 
Draw AB, BC, CD, and DA. Post. 1 
Then ABCD is the required square. 
Proof. The ACBA, DCB, ADC, BAD are rt. A. §173 
Since the & at the center are rt. A, Const. 
then the arcs AB, BC, CD, and DA are equal. § 186 
A= bC=CD= DA. § 1389 
Hence ___ the quadrilateral ABCD is a square. $15 


285. Corollary. Inscribe regular polygons of 8, 16, 32, 
64, +++ sides in a given circle. 

By bisecting the successive arcs in the figure of § 284, a regular 
polygon of eight sides may be inscribed in the ©. By continuing the 
process regular polygons of how many sides may be inscribed ? 

In general we may say that this corollary allows us to inscribe a 
regular polygon of 2” sides, where n is any positive integer. 
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Proposition 8. Regular Inscribed Hexagon 


9286. Problem. Inscribe a regular hexagon in a given 
circle. 


Given a © with center O. 


Required to inscribe a regular hexagon in the ©. 


Construction. Draw any radius, as OA. Post. 1 
With A as center and a radius equal to OA, construct an 
are intersecting the © at B. Post. 4 
Draw AB. Post. 1 


Then AB is a side of a regular hexagon. 


Hence the required hexagon is inscribed by applying AB 
six times as a chord. 


Proof. Draw OB. Post. 1 
Then AOAB is equiangular. § 43 

*, ZAOBis 3 of ast. Z, or ¢ of 2st. A. § 65 
Hence arc AB is 4 of the ©, $171 


and chord ABis a side of a regular inscribed hexagon. § 272 
287. Corollary. Inscribe an equilateral triangle in a given 
circle. 
Join the alternate vertices of a regular inscribed hexagon. 


288. Corollary. Inscribe regular polygons ae 12, 24, 48,°° 
sides in a given circle, 
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289. Extreme and Mean Ratio. Ifa line segment is divided 
into two segments such that one is the mean proportional 
between the whole line and the other, the line segment is 
said to be divided in extreme and mean ratio. 

The name comes from the fact that one part is a mean and the 
whole line segment and the other part are extremes. 

For example, the line segment a is divided in extreme and mean 
ratio if a segment x is found such thata:w=a:a—«. From this equa- 
tion it can be shown that x=0.618 a. Thatis, r=0.6a and a—x=0.4a, 
approximately, so that the division is about 2:3. 

This division of a line segment is often called the Golden 
Section, a relatively modern term. At one time, about 1500, 
it was commonly called the Divine Proportion. 


290. Geometric Forms in Art. Since the division of a line 
in the ratio 2:3 is especially pleasing to the eye, the Golden 
Section is often seen in architecture and in the general 
plans of paintings. It is also seen in leaves and flowers. 


Mosaic from Damascus Arabic Pattern 


The use of geometric forms in art is so familiar as to 
require only brief mention. The figures here shown illus- 
trate combinations of regular and semiregular polygons. 

Except for students specializing in mathematics, §§ 289-296 may be 
omitted. They are not generally required in standard courses. 
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Proposition 9. Golden Section 


291, Problem. Divide a given line segment wn extreme 
and mean ratio. 


Given the line segment AB. 


Required to divide AB in extreme and mean ratio. 


Construction. At B construct a L to AB, § 104 
and on it take BO=3 AB=BM. § 102 
With O as center and BO as radius, constructa©. Post.4 
Draw AO, meeting the © at D and E. Post. 1 


On AB take AC = AD, and on BA produced take AC'= AE. 
Then C, C' are the required points of division; that is, 


AB: AC=AC:CB, and AB: AC'=AC':C'B. 


Proof. AEH: AB=AB:AD. § 222 
Then, by the laws given in $198, we have 
AE—AB:AB= AB+AE:AE= 
AB—AD:AD. AD+AB:AB. 
* AH-—DE:AB= .. AB+AC':AC'= 
AB—AC:AC. AD+DE:AB. 
KvAGHAB=CB AG. ee AC = AC ae 


.. AB: AC=AC:CB, PVAB VAC =A GS Chie 
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Exercises. Review 


1. Given an equilateral triangle inscribed in a circle, 
circumscribe an equilateral triangle about the circle. 


2. Given an equilateral triangle inscribed in a circle, 
inscribe a regular hexagon in the circle and circumscribe 
a regular hexagon about the circle. 


3. Divide a line 2in. long in extreme and mean ratio. 
Measure to the nearest 3/5 in. the lengths of the two seg- 
ments of both the internal and the external division and 
compare the results with the ratio given in § 289. 


4. Consider Ex. 3 for a line 23 in. long; a line 3 in. long. 


5. In this illustration from 
a mosaic in an ancient church 
at Constantinople it looks as if 
the broad bands which connect 
the regular hexagons formed 
equilateral triangles. It also 
looks as if the midpoints of the 
sides of these triangles were 
the vertices of other equilateral 
triangles. Investigate these 
two possibilities geometrically. 

6. Find the ratio of the side of an inscribed equilateral 
triangle to the side of a similar circumscribed triangle. 

7. In the internal division of the given line segment in 
§ 291, which part is the mean proportional, the long part 
or the short one? How is it in the case of the external 
division? Write a statement of these two facts. 

8. Find a point within a given triangle such that lines 
from this point to the vertices divide the triangle into three 
equivalent parts. 
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Proposition 10. Regular Inscribed Decagon 


292. Problem. Inscribe a regular decagon in a given 
circle. 


Given a © with center O. 


Required to inscribe a regular decagon in the ©. 


Construction. Draw any radius OA. Post. 1 

Divide OA in extreme and mean ratio; § 291 
that is, so that OA:OP=OP: AP. 

With A as center and OP as radius, construct an arc 
intersecting the © at B. Post. 4 

Draw AB, Post. 1 


Then AB isa side of a regular decagon. 


Hence the required regular decagon is inscribed by ap- 
plying AB ten times as a chord. 


Proof. Draw PB and OB. Post. 1 
Now OA:OP=0P: AP. 

and AB=OP. Const. 

~s OAtAB=AB:AP, Ax.5 

Moreover, ZBAO=Z BAP. Iden. 

Then AOAB and BAP are similar, § 213 


and hence OA:BA= OB:BP. § 205 
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But OA = OB. SIRE 
Then BA er: $ 198, 2 
and hence BA = BP=OP. Ax.5 
.. ZAPB=ZBAPand ZPOB=ZOBP. § 42 

But ZAPB=ZPOB+ZOBP, $ 66 
and hence Papa P= 2 POs, Ax.5 
Now ZBAP=Z BAO =Z OBA, Iden., § 42 
and ZPOR=Z AOR: Iden. 
Hence ZA BAO =Z OBA=2 2 AOB Ax.5 
and the sum of the 4 of AOAB=5 ZAOB. Ax.1 
But the sum of these 4 =a st. Z. § 65 
Hence SD ZAOB=a8t,.2. Ax.5 
and 10 A AOB=2 st.3; Ax.3 
whence Z AOB = 75 of 2st. 4. Ax.4 
Hence arc AB is zy of the ©, § 171 


and chord ABis aside of a regular inscribed decagon. § 272 


293. Corollary. Inscribe a regular pentagon in a given 


circle. 

Join the alternate vertices of a regular inscribed decagon. 

From the regular pentagon it is possible to construct the regular 
five-pointed star here shown. 

The Pythagoreans (§ 254), about 525 B.C., are sup- 
posed to have been the first to solve the problem of 
constructing a regular pentagon. Because of this fact 
they chose the regular five-pointed star as the badge 
of a brotherhood made up of members of their 
famous school. 

294. Corollary. Inscribe regular polygons of 20, 40, 80, ++: 
sides in a given circle. 

By bisecting the arcs of the sides of a regular inscribed decagon, 
a regular polygon of how many sides may be inscribed in the ©? By 
continuing the process, regular polygons of how many sides may be 
inscribed in the ©? 
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Proposition 11. Regular Polygon of 15 Sides 


295. Problem. Inscribe a regular polygon of fifteen 
sides in a given circle. 


Given a ©. 
Required to inscribe a regular polygon of 15 sides in the ©. 


Construction. From any point A on the © construct a 
chord AC equal to the radius of the © (§ 286), and a chord 
AB equal to a side of a regular inscribed decagon (§ 292). 


In order to obtain a distinct figure only a portion of the © is shown, © 
and the detailed construction of the chord AB is assumed from § 292. 


Draw BC. Post. 1 
Then BC is aside of a regular polygon of 15 sides. 


Hence the required polygon is inscribed by applying 
BC fifteen times as chord. 


Proof. Since arc ACis+ of the © § 286 
and arc AB is 7p of the ©, § 292 
then arc BC is ¢—7, or 7s of the ©. Ax. 2 

Hence chord BC is a side of a regular inscribed polygon 
of 15 sides. § 272 


A polygon of 15 sides is called a pentadecagon, but the term is 
rarely used. 


296. Corollary. Inscribe regular polygons of 30, 60, 120, «+: 
sides in a given circle. 
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Exercises. Regular Polygons 


1. A five-cent piece is placed on the table. How many 
five-cent pieces can be placed around it, each tangent to it 
and tangent to two of the others? Prove it. 


Circumscribe about a given circle the following regular 
polygons: 

2. Triangle. 4. Hexagon. 6. Pentagon. 

3. Square. 5. Octagon. 7. Decagon. 


Construct an angle of: 
8. 36°. 9. 18°. 10. 9°. 115.24. 13; 212 2 


With a side of given length construct: 

13. Anequilateraltriangle. 16. A regular octagon. 
14. A square. : 17. A regular pentagon. 
15. A regular hexagon. 18. A regular decagon. 


19. A regular polygon of fifteen sides. 

20. Prove that the diagonals AC, BD, CE, DF, EA, FB 
of the regular hexagon ABCDEF form another regular 
hexagon. 

21. Prove that the diagonals AC, BD, CE, DA, EB of the 
regular pentagon ABCDE form another regular pentagon. 


In a regular inscribed polygon in which n is the number 
of sides, a the apothem, r the radius, A an angle, and C an 
angle at the center, prove the following: 

22. If n=38, then A=60°, a=g7, and C=120°. 

23. If n=4, then A=90°, a=trv2, and C= 90°. 

24, If n—6, then A=120°, a=37r v3, and C= 60°. 

25. Ifn=10, then A=144", a=t rV/10+2 /5, and C=36°. 
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26. Find the perimeter of an equilateral triangle inscribed 
in a circle of radius 3 in. 


27. Find the perimeter of an equilateral triangle circum- 
scribed about a circle of radius 2 in. 


28. Find the perimeter of a regular hexagon circum- 
scribed about a circle of radius 4 in. 

29. From a circular log with a diameter of 18 in. a builder 
wishes to cut a column with its cross section as large a 
regular octagon as possible. Find the length of a side of 
the cross section. 


30. In the figure here shown ABCD isa 
square. Arc POQ is constructed as part 
of a circle with center A and radius AO, 
and the other arcs are constructed in a 
similar manner. Prove that the octagon 
seen in the figure is regular. 


31. The area of a regular inscribed hexagon is what part 
of the area of a regular hexagon circumscribed about the 
same circle? 


32. Construct a regular pentagon, given one of the 
diagonals. 


33. In a given equilateral triangle inscribe three equal 
circles, tangent each to the other two and to two sides of 
the triangle. 


34. The points A, B, C, D,--- are consecutive vertices of 
a regular inscribed octagon, and A, B', C’, D',-++ are con- 
secutive vertices of a regular polygon of twelve sides in- 
scribed in the same circle. Find the angle formed by each 
pair of the following lines, produced if necessary : 


(1) AB and AB’. (8) AB and AC. (5) AB' and AD. 
(2) AB and AC', (4) AB and AD. (6) B'C' and AC, 
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III. CiRcLE MEASUREMENT 


297. Plan of Measurement. For practical purposes we can 
find the circumference of a circle very easily. If we wind 
a piece of paper about a cylinder, prick through the paper 
with a needle where the paper overlaps, and then flatten 
the paper out on a table, we can measure with a fair degree 
of accuracy the distance between the two points thus made. 
Evidently, however, this is not as accurate as the measure- 
ment of a straight line by means of a pair of dividers or 
compasses, because paper tends to stretch or to contract. 

For scientific purposes we therefore resort to mathe- 
matics. One reason for showing how to inscribe and cir- 
cumscribe regular polygons, and then to double the number 
of sides, is to construct polygons that approach nearer and 
nearer to the circle. Since we can measure these polygons, 
both as to perimeter and as to area, we can thus approxi- 
mate the circumference, and can also approximate the area 
which the circle incloses. We may carry this approximation 
to any degree of accuracy that we wish. 

For example, if we find the perimeter of an inscribed 
square, then find the perimeter of an inscribed regular 
octagon, and continue this process for polygons of 16, 32, 
64, --- sides, we can find a perimeter which approaches as 
near the circumference as we choose, and similarly for the 
area inclosed by the circle. 

In this way we can find the approximate ratio of the circumference 


of a circle to its diameter. The student who takes up the calculus in 
college will there find a simpler method of solving this problem. 


We shall, therefore, first consider the problem of finding 
the perimeter of a regular polygon of double the number 
of sides of a given regular polygon; or, what is more simple, 
of finding one side of such a polygon. 


248 CIRCLE MEASUREMENT BOOK V 


Proposition 12. Doubling the Sides 


298. Problem. Given the side and the radius of a 
regular inscribed polygon, find the side of a regular 
inscribed polygon of double the number of sides. 


Given s (or AB), the side, and 7, the radius, of a regular 
polygon inscribed in the © with center O. 

Required to find a side of a regular inscribed polygon of 
double the number of sides. 

Solution. Construct PQ, the bisector of s. §§102, 104 


Draw AP and AQ. Post. 1 
Then PQ isa diameter and bisects are AB. § 143 
.. AP is the required side. § 277 

Since AM=3s, OM =r—is8:; § 258 
whence OM=Vr—18. Ax. 6 
.. PM=r—OM=r—Vr— ts". Axib5 

Further, A, AMP and QAP are similar, § 210 
and hence PM: AP=AP: PQ. § 205 
Then AP’ =PQ: PM; § 198, 1 
whence AP =2r(r—V7?—48*). Ax.5 
Hence APEN Bilge V —is*), Ax.6 


or AP=V r(Qr—V4r— s*). 
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299. Constant and Variable. If we inscribe a regular poly- 
gon in a given circle, and then continue to double the 
number of sides of this polygon, the perimeter continues 
to vary in size, approaching nearer and nearer the circle, 
which remains constantly the same in size. A quantity 
considered as having a fixed value throughout a given dis- 
cussion is called a constant, and a quantity considered as 
having different successive values is called a variable, 


In the above case, the perimeter of the polygon, as we increase the 
number of sides, is a variable, but the circle is a constant. 


300. Limit. When a variable so approaches a constant that 
the difference between the two may become and remain 
less than any assigned positive quantity, however small, 
the constant is called the limit of the variable. 


Sometimes variables can reach their limits and sometimes they 
cannot. For example, a chord may increase in length up to a certain 
limit, the diameter, and it can reach this limit and still be a chord; 
it may decrease, approaching the limit 0, but it cannot reach this limit 


and still be a chord. 

If p is the perimeter of a regular inscribed or of a regular circum- 
scribed polygon and ¢ is the circle, we say that ‘‘p tends to ¢,’’ or 
‘*» approaches ¢ as its limit,’’ indicating this by the symbol p—e. 


301. Principles of Limits. From the above definition we 
may assume as postulates the following principles: 

1. Ifa variable x approaches a finite limit l, and if ¢ is a 
constant, then cu approaches the limit cl, and ‘ approaches 
the limit L. 


x ie 
That is, if -—>1, then cv —>el and pi aed 


2. If, while approaching their respective limits, two vari- 
ables are always equal, their limits are equal. 

For if the limits were unequal, the two variables would be unequal 
when they were very near their limits. 

12 
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302. Area of a Circle. The area of the space inclosed by 
a circle is called the area of the circle. 

With the modern definition of a circle as a line, the expression 
*Carea of a circle’’ has no meaning unless it is specifically defined. 
We therefore define it as a brief form of the longer expression “‘ area 
inclosed by a circle.’’ 

303. Limits related to the Circle. From what has been said 
concerning the circle and the regular inscribed polygon we 
may assume as true the following statements: 


1. The circumference of a circle is the limit of the perim- 
eter of a regular inscribed or of a regular circumscribed 
polygon as the number of sides is indefinitely increased. 


2. The area of a circle is the limit of the area of aregular 
inscribed or of a regular circumscribed polygon as the number 
of sides is indefinitely increased. 

3. If the number of sides of a regular inscribed polygon is 
indefinitely increased, the apothem of the polygon approaches 
the radius of the circle as tts limit. 

In this figure, if m is the number of sides of the ae a. 
polygon, then a—>ON as n—>oo; that is, @ ap- 
proaches ON as its limit as the number of sides /) 
increases without limit. We are not justified in Wy N 
saying that the expression »—>»o means that n ae 
approaches infinity as a limit, because the word 
‘* infinity’? means without limit. We may, however, say that ‘tn tends 
to infinity ’’ or that ‘* » approaches infinity.’’ 

In higher mathematics the statements given above are proved with 
the same care with which we prove a proposition in the geometry of 
rectilinear figures, but in an elementary treatment of measurement it 
is impossible to give satisfactory proofs; indeed, the truth of the 
statements would be no more evident if the proofs were given. By 
informal discussion their truth is as apparent as that of any postulate. 

In the case of a regular circumscribed polygon the apothem is always 


the same as the radius of the circle, and hence, with this fact under- 


stood, we may say that all three assumptions apply to either inscribed 
or circumscribed regular polygons. 
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- Proposition 13. Ratio of Circumferences 


304. Theorem. Two circumferences have the same ratio 
as the radii. 


Given the © O and O’ with circumferences C and C’ and 
radii r and 7’ respectively. 


Prove that G3C=ri7". 

Proof. Let p, p' be the perimeters of two similar regular 
inscribed polygons. § 269 
Then Di p= rer. § 280 
AD == 7 1, ‘  §198,1 

Let the number of sides be increased uniformly. 
Then p—C, and p’—C’, § 303, 1 
and hence Cea Cr. § 301 
BG. Core Tete § 198, 3 


305. Corollary. The ratio of any circle to its diameter is 


constant. 
Since 6c—2 712277, then © -27=— C-ra7% 


306. Symbol z. The constant ratio of a circle to its diam- 
eter is represented by the Greek letter 7 (pi). 
307. Corollary. In any circle, C=27r= 7d. 


By definition (§ 306), no = c ; whence C= 27r and C=7d. 
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Proposition 14. Area of a Circle 


308. Theorem. The area of a circle is half the product 
of the radius and the circumference. 


Given the © O with radius 7, circumference C, and area A. 
Prove that A=3re. 


Proof. Circumscribe about the © a regular polygon of 
n sides, and let p be its perimeter and A’ its area. §270 


Then A'=4trop. § 282 
Let n be increased indefinitely. 
Since o—>G § 308, 1 
and r is constant, 
then xrp—trc. § 301, 1 
Also, A'—> A. § 303, 2 
But, always, A'=trop. § 282 
A=47C. § 301, 2 


309. Corollary. The area of a circle is 7 times the square 
on the radius. 


For A=}rC=3rx2arr=m7r’. 


310. Corollary. The areas of two circles are to each other 
as the squares on the radii. 
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Exercises. Circumference and Area 


1. The area of a sector is half the product of the radius 
and the are. 

2. If the circumference of one circle is twice that of 
another, the square on the radius of the first is how many 
times the square on the radius of the second? 

3. If the circumference of one circle is four times that 
of another, an equilateral triangle constructed on the 
diameter of the first as side has how many times the area 
of an equilateral triangle constructed on the diameter of 
the second as side ? 

4, A water pipe with a diameter of 3 in. has a circum- 
ference of 9.425 in. Find the circumference of a water pipe 
which has a diameter of 4 in. 

5. A wheel witha circumference of 8 ft. has a diameter, 
expressed to the nearest 0.01 ft., of 2.55 ft. Find the cir- 
cumference of a wheel with a diameter. of 3.175 ft. 

6. A regular hexagon is 4in. ona side. Find both its 
apothem and its area to the nearest 0.01. 

7. If the radius of one circle is four times that of 
another, and if the area of the smaller circle is 31.4 sq. in., 
what is the area of the larger circle? 

8. If the radius of one circle is five times that of 
another, and if the area of the smaller circle is 9.6 sq. in., 
what is the area of the larger circle? 

9. The circumferences of two cylindric steel shafts are 
7in. and 34in. respectively. The area of the cross section 
of the first shaft is how many times that of the second? 

10. If the arc of a sector of a circle 33 in. in diameter is 
2 in. long, what is the area of the sector? 
Use Ex. 1, above, in finding the required area. 
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Proposition 15. The Value of 7 


BOOK V 


311. Problem. Find the approximate value of the ratio 
of the circumference of a circle to its diameter. 


Given a © with circumference C and diameter d. 


Required to find the approximate value of 7. 


Solution. Let s,; be the length of a side of a regular 
inscribed polygon of 6 sides, s,, of 12 sides, and so on. 


The student need not perform the computations or recall the follow- 
ing steps, but he should understand the general nature of the work. 


Then s,=V rar —V4r?—s2). § 298 

But, when r = 1, sei: § 286 

Hence, using the successive values of s, we have 

Form of Computation Length of Side Perimeter 

Set “/ 2—-V4-1 0.51763809 6.21165708 
3 = /2 — 1/4 — 0.51763809" 0.26105288 6.26525722 
sn= / ant ae 0.26105238° 0.13080626 6.27870041 
Sog = /2 — V4 — 0.180806267 0.06543817 6.28206396 
Sin=\V 2—\/4 — 0.06543817 —0.08272346 —«6 28290510 
rs \/2 —/4 — 0.032723467 0.01636228 6.28311544 
$5 V/ 2—/4 — 0.01636222 0.00818121 6.28316941 

Since C= 277, § 807 
when r =1, T=+C. 

But, when n = 768, C= 6.28317, approximately, 
and hence m = 3.14159, approximately. 


For thousands of years the world tried to find the value of the 
incommensurable number z. The ancients generally considered the 
value as 3 or as 3}. We generally use the following values: 7 = 3.1416, 
22, or 34, and 1/7 = 0.31881. 
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Exercises. Circle Measurement 


Find the circumferences of circles with radii as follows : 
dean. Sao iis 5. 6tin. Wao it: O1ne 
2: 3 in. 4, 4.3 in. 6. 73 in. 8. 4 ft. 2in. 

In all the work on this page use the value 3.1416 for 7. 


Find the circumferences of circles with diameters as 
follows: 

9. 4in. 11. 6.2 in. W3. 3¢ft. 15. 30cm. 

102210. 419. 8.5 in. 14. 25in. 16. 42mm. 


Find the radii of circles with circumferences as follows: 
17.37. 19. 15.708in. 21. 18.8496. 23. 345.576. 
18. 47. 20. 21.9912 ft. 22. 125.664. 24. 3487.176. 


Find the diameters of circles with circumferences as 
follows: 

25. 8c. 27. 2ar. 29. 188.496in. 31. 3361.512 in. 

26. 7’. 28. 8ra. 30. 219.912in. 32. 3173.016 in. 


Find the areas of circles with radii as follows: 
33. 2a. 35. 16 ft. 37. 44 in. 39. 3 ft. din. 
34. 37. 36. 5.8 ft. 38. 33 in. 40. 5 ft. 8in. 


Find the areas of circles with diameters as follows: 


41, 10 ab. <43. 3.5 ft. 45, 22 yd. 47.9 ft: 4 ine 
42.1277. 44. 4.3in. 46. 83tyd. 48. 3ft. 6in. 


Find the areas of circles with circumferences as follows: 
49. 37. 50. wk. 51. 18.8496 in. 52. 333.0096 in. 


Find the radii of circles with areas as follows: 
53. 7a’. 54. cr. 55. 12.5664. 56. 78.54. 
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Exercises. Applications 


1. The diameter of a bicycle wheel is 28in. How many 
revolutions does the wheel make in 8 mi.? 


9. Find the diameter of an automobile wheel which 
makes r revolutions in half a mile. 


3. A circular pond 200 yd. in diameter is surrounded by 
a walk 8 ft. wide. Find the area of the walk. 


4. The span (chord) of a bridge in the form of a circular 
arc is 60 ft., and the highest point of the arch is 7 ft. 6 in. 
above the piers. Find the radius of the arch. 


5. Two branch drain pipes lead into a main drain pipe. 
It is necessary that the cross-section area of the main pipe 
shall equal the sum of the cross-section areas of the two 
branch pipes, which are respectively 6 in. aaa 
and 8 in. in diameter. Find the diameter of | 


the main pipe. 


6. The top part of the kite here shown is 
a semicircle and the lower part is a triangle. 
Find the area of the kite. 23" 
7. In making a drawing for an arch it is | 
necessary to mark off on a circle drawn with Bes 


a radius of 103 in. an are that shall be 1lin. long. This is 
best done by finding the angle at the center. How many 
degrees are there in this angle? 

8. In the iron washer here shown, the 
diameter of the hole is 2? in. and the width 
of the metal ring is $in. Find the area of 
one face of the washer. 

9. Find the area of a fan which opens out into a sector 
of 120° with a radius of 10 in. 

10. Consider Ex. 9 for a radius of 5 in. 
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IV. GENERAL REVIEW 
Exercises. Review 


Write a classification of the different kinds of: 
1. Lines. 3. Triangles. 5. Polygons. 
2. Angles, 4. Quadrilaterals. 6. Parallelograms. 


State the conditions under which: 
7. Two triangles are congruent; are equal in area; are 
similar. 
8. Two straight lines are parallel. 
9. Two parallelograms are equal in area. 
10. Two polygons are similar. 


Complete the following statements in general terms: 
11. In aright triangle the square on the.-... 
12. If two parallel lines are cut by a transversal, ---. 


13. An angle formed by two secants drawn to a circle 
from an external point is measured by ::-. 


14. The perimeters of two similar polygons are to each 
other as---, and their areas are to each other as---. 


15. Equal chords of the same circle or of equal circles - - -. 
16. Two central angles of the same circle or of equal 


circles have -:-. 
17. If two secants intersect within, on, or outside a circle, 


the product of ---. 
18. The sum of the interior angles of a polygon :--. 
19. The area of a polygon is---. 
90. One formula for the --- of a circle is $ 7d’. 
21. One formula for a--- is 77. 


258 | GENERAL REVIEW BOOK V 


Exercises. Loci 


1. Find the locus of the center of the circle inscribed 
in a triangle which has a given base and a given angle at 
the vertex. 

2. Given a line segment, find the locus of the end of a 
tangent to a given circle such that the length of the 
tangent is equal to the length of the given segment. 

3. Find the locus of a point from which tangents drawn 
to a given circle form a given angle. 

4. Find the locus of the intersection of the perpendic- 
ulars from the three vertices to the opposite sides of a tri- 
angle which has a given base and a given angle at the vertex. 

5. Find the locus of the midpoint of a line segment 
drawn from a given point to a given line. 

6. Find the locus of the vertex of a triangle which has 
a given base and a given altitude. 


7. Find the locus of a point such that the sum of its 
distances from two given parallel lines is constant. 


8. Find the locus of a point such that the difference 


between its distances from two given parallel lines is 
constant. 


9. Find the locus of a point such that the sum of its 
distances from two given intersecting lines is constant. 


10. Find the locus of a point such that the difference 
between its distances from two given intersecting lines is 
constant. 


11. Find the locus of a point such that its distances from 
two given points are in the ratio 3:4. 


12. Find the locus of a point such that its distances from 
two given parallel lines are in the ratio m:n. 
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Exercises. Constructions 


1. In a given circle inscribe a regular polygon similar 
to a given regular polygon. 

2. Divide the area of a given circle into two equivalent 
parts by a circle which has the same center as the given 
circle, 

3. Construct a circle with its circumference equal to the 
sum of the circumferences of two circles of given radii. 

4, Construct a circle with its circumference equal to 
the difference between two circumferences of given radii. 

5. Construct a circle with its area equal to the sum of 
the areas of two circles of given radii. 

6. Construct a circle such that its area is three times 
the area of a given circle. 

7. Construct a circle such that the ratio of its area to 
that of a given circle is m:n. 

8. In a given square inscribe four equal circles such 
that each circle is tangent to two of the others and to two 
sides of the square. 

9. In a given square inscribe four equal circles such 
that each circle is tangent to two of the others and to one 
side and only one side of the square. 

10. Construct a common secant to two given circles, 
which are exterior to each other, such that the intercepted 
chords shall have the given lengths a and 0. 

11. Through a point of intersection of two given inter- 
secting circles construct a common secant of a given length. 

12. Construct a tangent to a given circle such that the 
segment intercepted between the point of contact and a 
given line has a given length. 
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Exercises. Formulas 


If r is the radius of a circle, s one side of a regular 
inscribed polygon, and n the number of sides, prove the 
following, and find s to the nearest 0.01 when r=1: 


1. Ifn=3,s=rv3. 4, lfne5-e=Sr3/ 10 aes 
2 If n=4,s=rv2. 5. Ifn=8 sarV2-ve 
3. lfin=6; s=nri 6. If n=10, s=ir(V5—-1). 


”. If a regular pentagon of sides is inscribed in a circle 
of radius 7, find the apothem. 


8. If a regular polygon of side s and apothem a is in- 
scribed in a circle of radius 7, prove that 


a=3vV4r'—s". 
9. Aregular polygon of side s is inscribed in a circle of 


radius r. If a side of the similar circumscribed regular 


polygon is s’, prove that 
1 Sore 


V477—$* 


10. Three equal circles are constructed, each tangent to 
the other two. If the common radius is 7, find the area 
inclosed by the arcs between the points of tangency. 


11. Given p and P, the perimeters of regular polygons of 
mn sides respectively inscribed in and circumscribed about 
a given circle of radius 7, find p' and P', the perimeters of 
regular polygons of 27 sides respectively inscribed in and 
circumscribed about the given circle. 


12. Acircular plot of land a feet in diameter is surrounded 
by a walk 6 feet wide. Find the area of the circular plot 
and the area of the walk. 


13. In Ex. 12 find the circumference at the outer edge 
of the walk. 


BS 
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Exercises. Review 


1. The segment which joins the midpoints of the diag- 
onals of a trapezoid is equal to half the difference between 
the bases. 

2. If from any point on a circle a chord and a tangent 
are drawn, the perpendiculars drawn to them from the 
midpoint of the minor arc are equal. 

3. Consider Ex.2 with respect to the midpoint of the 
major are. 

4. If two equal chords are produced to meet outside a 
circle, the secants thus formed are equal. 

5. If squares are constructed outwardly on the six sides 
of a regular hexagon, the exterior vertices of these squares 
are the vertices of a regular polygon of twelve sides. 

6. The sum of the perpendiculars drawn to any tangent 
to a circle from the ends of a diameter is equal to the 
diameter. 

7. No oblique parallelogram can be inscribed in a circle. 

An oblique parallelogram has oblique angles (§ 16). 


8. Two points C and D are taken on a semicircle of 
diameter AB. If AD and BC meet in EL, and AC and BD meet 
in F, then EF is L to AB. 

9. If the tangents from a given point P to three given 
circles which do not intersect are all equal, the circle drawn 
with center P and passing through the points of contact of 
these tangents cuts the given circles at right angles. 

Two circles are said to intersect at right angles if their tangents at 
a point of intersection are perpendicular to each other. 


10. State and prove the converse of the proposition that 


the square on the hypotenuse of a right triangle is equiv- 
alent to the sum of the squares on the other two sides. 
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Exercises. Applications 


1. On a railway curve which is the arc of a circle two 
points P and Q are taken and the chord PQ is found to be 
400 ft. The distance from the midpoint of the are to the 
midpoint of the chord is 28 ft. Find the radius of the circle. 


2. Two rectangular city lots have the same depth, the 
frontage of the first is twice that of the second, and their 
combined frontage is equal to their common depth. Find 
the ratio of their areas and the ratio of their perimeters. 


3. A ladder 50 ft. long reaches a window 40 ft. from the 
ground on one side of a street, and when tipped backward 
to rest against the building on the opposite side it reaches 
a window 380 ft. from the ground. How wide is the street? 


4. Two wheat bins of the same height are respectively 
8 ft. and 10 ft. square on the bottom. Find the dimensions 
of the square bottom of a third bin which has the same 
height as each of the other two and the same volume as 
the other two combined. 


5. Two forces of 180 lb. and 240 Ib. make an angle of 90° 
with each other. Compute the resultant. 


The resultant is represented graphically by the diagonal of a rec- 
tangle of sides 180 and 240. See Ex. 6, p. 106. 


6. In laying out a park it is desired to plant eight trees 
equidistant from one another and each 200 ft. from a foun- 
tain. Construct a figure with all construction lines to show 
how the trees should be placed. 


7. A water main is to be laid to two branch pipes which 
have diameters of 12 in. and 18 in. respectively. The diam- 
eter of the main must be such that the area of its cross 
section is equal to the sum of the cross-section areas of the 
branches. Find the diameter of the main to the nearest + in. 
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Exercises. Review 


1. If the three points of tangency of a circle inscribed 
in a triangle are joined, the angles of the resulting triangle 
are all acute. 

2. If two consecutive angles of a quadrilateral are right 
angles, the bisectors of the other two angles of the quadri- 
lateral form a right angle. 

3. The two line segments which join the midpoints of 
the opposite sides of a quadrilateral bisect each other. 

4. If two triangles have equal bases and equal angles 
at the vertex, the areas of the circumscribed circles are 
equal. 

5. If two circles are concentric, the segments inter- 
cepted between them on any line are equal. 

6. If any two consecutive sides of an inscribed hexa- 
gon are respectively parallel to their opposite sides, the 
remaining two sides are parallel. 

7%. The lines which bisect any angle of an inscribed 
quadrilateral and the exterior angle at the opposite vertex 
intersect on the circle. 

8. In order that a parallelogram can be circumscribed 
about a circle, the parallelogram must have equal sides. 

9. The area of a triangle is half the product of its 
perimeter and the radius of the inscribed circle. 

10. The perimeter of a triangle is to any side as the 
altitude from the opposite vertex of the triangle is to the 
radius of the inscribed circle. 

11. If two equivalent triangles have the same base and 
lie on the same side of this base, any line which cuts the 
triangles and is parallel to the base cuts off chee areas 


from the triangles. 
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12. In the triangle whose sides are 10, 36, and 40 com- 
pute the length of the projection of the longest side upon 
the shortest side. 


13. Within arhombus ABCD, in which A and C are oppo- 
site vertices, the point P is chosen so that PB=PD. Prove 
that APP, and G are in the same straight line, and that 
AUP 3 JAC = AB SPR 


14. An isosceles A ABC is inscribed in a circle, and from 
the vertex A a chord AD is drawn to cut the base BC in the 
point E. Prove that AB —AEH =BE: CE. 


15. In an acute AABC the altitudes BD and CE inter- 
sect in the point O. Prove that OB:0C=OE:OD. 


16. From an external point P two secants are drawn, 
one cutting the circle at the points A and B, and the other 
at the points C and D, so that PA=5in., AB=35in., and 
PC=CD. Find the length of PD. 


17. The sum of the perpendiculars drawn to the sides of a 
regular polygon from any point within the polygon is equal 
to the product of the apothem and the number of sides. 


18. Find the perimeter and the area of a regular octagon 
inscribed in a circle with a diameter of 32 in. 


19. On the sides of a square ABCD of side a, the points 
P,Q, R, S are taken such that AP=BQ=CR=DS=?2a. 
Prove that PQRS is a square and then find its area. 


20. Each side of a triangle is 2a inches, and about each 
vertex as a center a circle is constructed with a radius 
of a inches. Find the area bounded by the three arcs 
which lie outside the triangle, and the area bounded by 
the three arcs which lie inside the triangle. 


21. Every equilateral polygon circumscribed about a cir- 
cle is regular if it has an odd number of sides. 
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Exercises. Miscellaneous Applications 


i. Extend your arm toward a distant object, and, closing 
your left eye, sight across a finger tip with your right 
eye. Now keep the finger in the same position and sight 
with your left eye. The finger then seems to point to an 
object some distance to the right of the one at which you 
were pointing. If you can estimate the distance between 
these two objects, which can often be done with a fair 
degree of accuracy when there are houses between them, 
then your distance from the objects is approximately ten 
times the estimated distance between them. Draw a plan 
which shows that the lines of sight are sides of triangles, 
and explain the geometric principle involved. 

2. The distance across a stream can be found by the 


principle involved in any one of these 
three diagrams. Explain the method 
in each case and state the geometric 


principles involved. 
3. An instrument like the one here shown is used 

in measuring heights. The base is graduated in equal 

divisions, say 50, and the upright arm 

is similarly divided. At each end of the 

hinged bar is a sight. If an observer lying 

50 ft. from a tree sights at the top, and 

finds that the hinged bar cuts the upright 

arm at 27, he knows that the tree is © 

271t. high. Explain the geometric principle involved. 
4. If three streets intersect as here shown, find the area 

of the shaded triangle. 
Use the formula in Ex. 1, page 194. 


5. Can the triangle of Ex. 4 be a 


right triangle? Prove your answer. 
P 
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6. If a dangerous shoal lies near a headland, the verti- 
cal danger angle is the angle (7 HAX) between the level of 
the water and the line of sight to the 
headland H from any point, as A, on a 
circle of sufficient radius to inclose the 
dangerous area. In order to avoid the 
shoal, ships coming near the headland 
should be careful to keep far enough away, say at S, so 
that the ZHSX is less than the known danger angle. 
Explain the geometric principle involved. 


7. On his voyage to Egypt, Napoleon is said to have sug- 
gested to his staff the problem of dividing a circle into four 
equal parts by the use of circles alone. It is also said that 
the problem was solved by using the figure here shown. 
How was it done? 

Prove that the area of ©B is one fourth that of 
©A. Then prove that the area of any part marked 
C is equal to the area of any part marked D. Then 
prove that one of the D’s, the white part of one 


of the B’s, and one of the C’s together make one 
fourth of OA. 


8. In locating the site for a union-school building for 
three villages A, B, and C, it is desired to place the school 
so that it shall be equidistant from the three villages. If A 
is 43 mi. from Band 6 mi. from C, and Bis 5} mi. from C, 
draw a map to the scale of 1in.=1 mi. and show the 
location for the school. 


While in practice the established roads between the villages would 


have to be considered, it may be assumed here that all distances are 
measured in a straight line. 


9. By measuring the map in Ex. 8, find how far it will 
be from each village to the school, and check your answer 
by the formula given in Ex. 5, page 198. 
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10. If a carpenter’s square is placed on top of an upright 

stick, as here shown, and an observer 
: : ; Cc 

sights along the arms to a distant point i 
Band to a point A near the stick, then 
if AD and DC are measured, the length 
of DB can be found. Show how this 
can be done, explaining the geometric principle involved. 


Roman surveyors knew this method two thousand years ago. 


11. Surveyors sometimes lay off a right angle insa field 
by setting two stakes P and Bona 
line 8 ft. apart. They then hold the 
end of a tape at B and the 9-foot 4 
mark at P, stretch the tape taut 
toward A, and set a stake at A on the 5-foot mark. Prove 
that ZP is a right angle. 

12. The captain of a ship which is sailing on the course 


ABX observes a lighthouse LZ when the ship is at A, and 
measures 7A. He then observes the lighthouse until the 


‘angle at B is just twice that at A. ae 

He determines the distance AB from ih 

his log, an instrument which tells eee yi 

how far a ship has gone. He then 4 eB Eas x 


knows that BL, the distance from 
the lighthouse, is the same as AB, the distance sailed. 
State the geometric principle involved in this method, 
which is known as ‘‘doubling the angle on the bow.” 

13. The rectangular frame here shown has a plumb line 
ML hung from M, the midpoint of 
the upper strip of wood. Prove that 
when the point of the plumb bob is 
at the midpoint of AB, the base of the 
frame is level. 
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14. A draftsman’s triangle is placed over two nails 
driven into a board at A and B. If a pencil point is placed 
at P, it will mark an arc of a circle 
as the triangle is moved about so that 
the arms of ZP always touch the two eee 
nails. State the geometric principle 
involved. 

15. In Ex. 14, if P is taken as the vertex of the inside 
right angle of the triangle and its arms always touch A 
and B, what kind of are is formed upon AB as chord ? 

16. In laying out the tracks for a street railway, which 
is to turn a right-angled corner as shown in this plan, the 
curve is to be tangent to both the 
vertical tracks and to the horizontal 
tracks. The curve is also to be as 
large as possible without running 
the inside track beyond the corner C. 
Show how to find the center of curva- 
ture; that is, the center O from which 
the ares for the curve are drawn. 

17. If an engineer has to extend a curve which he knows 
is an arc of a circle, but which is too large to be drawn 
with a tapeline, or which cannot be 
easily reached from the center, the ee 
following method is sometimes used : 
Take P as the midpoint of the known 4 
part APB of the curve. Then stretch 
the tape from A to B and construct PM L to AB. Then 
swing the length AM about P, and the length PM about B, 
until they meet at L, and stretch the length AB along PL 
to Q, thus fixing the point Q. The point C is fixed in the 
Same way, and so on for as many points as are necessary. 
Explain the geometric principle involved. 
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18. In shops where two pulleys are driven by belting, 
we have a case of two tangents to two given circles. If 
the belt runs straight between the pulleys, we have the 
case of two exterior tangents. If the belt is crossed so that 


G)® Gpe@ Glo 


the pulleys turn in opposite directions, we have the case of 
two interior tangents. In case the belt is likely to change 
its length, on account of stretching or variation in heat or 
moisture, a third pulley C is often used. We then have the 
case of tangents to three pairs of circles. Construct the 
figure for each of the three cases. 


19. This figure shows how a circular 
driveway was laid out from a gate G 
to a porch P so as to avoid a group of 
rocks R. Explain how the plan was 
constructed and state the geometric 
principles involved. 

20. In making the plans for a park a landscape architect 
wished to connect two parallel roads R and R' by the curve 
here shown. which consists of two arcs and is known 
as a reversed curve. From the 
figure explain how the architect 
proceeded to construct the plan, 
and state the geometric prin- 
ciples involved at each step. 


The architect located the center 
line of the curve, the dot-and-dash line, before drawing the lines which 
represent the sides of the road. Considering the center line, notice 
that each arc is tangent to a road and that the arcs are tangent to 


Ryo 


ae) 


each other. 
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91. A draftsman who wished to draw one long line 
perpendicular to another used his T-square 
in the two positions shown in the figure, 
instead of using a triangle. State the 
geometric principles involved in drawing 
the lines in this way. 


22, This instrument is used for drawing a line parallel 
to the edge of a board. Block B is fastened to the end of 
bar FE and has a. sharp marking 
point on its underside. Block A 
can be clamped in any position 
on bar E by the set screw C. If 
block A is moved along one edge of 
the board, will the point on B trace 
a line parallel to the edge ? Why? &4=—<—= 


23. The gauge in Ex. 22 is also used for dividing a board 
into two equal parts. The equal brass arms AD and BD are 
pivoted at D by a marking point, and are also pivoted at A 
and B. Blocks A and B are set to the width of the board 
to be divided, and then block A is moved along one edge 
of the board while point D traces the dividing line. State 
the geometric principle involved. 


24. In turning a piston ring for an engine a larger ring 
is made than is needed in the cylinder. Usually the outside 
diameter of the ring is made 1.5% longer than 
the diameter of the cylinder. The piece AB is 
then cut out, the ring is drawn together at P, 
as shown by the dotted lines, and is fitted in 
place. If the diameter of the cylinder is 4 in., 
what diameter should be used in turning the 


ring and what length (AB) should be cut off to make the 
ring fit the cylinder ? 


AB 
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25. In surveying it is often necessary to run a straight 
line beyond an obstacle through which it is impossible to 
sight and over which it is impossible to pass. One of the’ 
methods, which is illustrated by the 
adjoining figure, is as follows: Sup- 
pose that the surveyor desires to 
run the line AB beyond the house H; 
he first runs a line BC at right angles 
to AB; at C he runs a line CD at right angles to BC; at D 
he runs a line DX at right angles to CD; on DX he lays off 
DE= CB, and at E he runs a line EF at right angles to DE. 
Prove that EF is part of the straight line AB prolonged. 

26. An 8-inch pipe can carry how many times as much 
water as al-inch pipe? as a 2-inch pipe? as a 4-inch pipe? 

In an 8-inch pipe the internal diameter is 8 in. 


CE a 


27. The diameter of the safety valve of a boiler is 24 in. 
Find the total pressure of the steam upon the face of the 
valve when the steam gauge indicates that the pressure is 
140 lb. per square inch. 

28. The drive wheel of a locomotive is 6 ft. in diameter 
and makes 1722 revolutions while the locomotive is going 
6mi. Find the distance lost through the slipping of the 
wheel on the track. 

29. The ‘‘dip of the horizon”’ is the Z HET in this figure. 
It is the angle formed at the eye £ of an observer by the 
line EH which is | to OF, the earth’s radius 7, 
produced, and ET, the tangent from F to the 77% 
sea horizon. Prove that the dip of the horizon 
is equal to the ZO at the center of the earth. 


The proportions of such a figure are necessarily ex- 
aggerated in drawing. Those who have studied physics 
will also observe that in practice the question of the bending of the 


light rays must be considered. 
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Exercises. College Entrance Examinations 


1. The sum of the angles of a triangle is 180°, and the 
sum of the angles of polygon P is 180°. What do you infer 
as to the number of sides of P? The sum of the sides of a 
certain triangle is 180 in., and the sum of the sides of poly- 
gon P is 180in. What do you infer as to the number of 
sides of P? 

State your reasons in both cases, and similarly in Ex. 2. 


2. If three parallels cut off equal segments on one trans- 
versal, they cut off equal segments on every other trans- 
versal. Three given lines do cut off equal segments on one 
transversal and also cut off equal segments on another 
transversal. What do you infer as to whether or not these 
three lines are parallel? 


3. The sum of the four sides of any quadrilateral is 
greater than the sum of the two diagonals. 


4. In the fifth century B.c., Hippocrates, a Greek mathe- 
matician, proved a theorem which asserts that if three 
semicircles are constructed on the sides 
of a right triangle as diameters, as here 
shown, the crescents Z and L' are to- 
gether equivalent to the AT. Prove the 
statement. 

This statement is in a somewhat more general form than the one 
given by Hippocrates. 

5. If two altitudes of a triangle are equal, the triangle is 
isosceles; if three altitudes are equal, it is equilateral. 


6. From an external point P a tangent PA is drawn to a 
circle. If the diameter AB and the secant PB, cutting the 
circle at Q, are also drawn, then A PAB is similar to AAQB. 


The exercises on pages 272 and 278 have been adapted from various 
examination questions, and represent cases of average difficulty. 
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7. Through a point Pinside a circle with center O chords 
whose midpoints are M,, M,, M;,--- are drawn. Find the 
locus of M,, M,, M,;,---. 

8. Given a line segment a, construct an equilateral tri- 
angle with altitude a. 

9. If the side BA of a AABC is produced through A to 
D, and if the bisector of ZB meets the bisector of ZCAD 
at FE, then ZAEB=3 ZC. 

10. The bisectors of the base 4A and B of the equi- 
lateral AABC meet in the point P. From P lines are con- 
structed || to AC and BC and meeting the base in X and Y 
respectively. Prove that X and Y trisect the base. 

11. Construct a circle which shall have half the area of 
a given circle of radius 7. 

12. A circular arch of masonry of radius r feet rests on 
two piers which are d feet apart. Find the height of the 
center of the arch above the level of the top of the piers. 
Discuss the result when r = 25, d = 40; when r= 25, d=50. 

13. Without performing the actual construction, show 
how to construct an equilateral triangle equivalent to a 
given square of side s. 

14. A circle of radius 2 in. rolls around the outside of a 
square of side 4in. Find the length of the path made by 
the center of the circle. 

15. Construct the locus of the center of a circle of radius 
0.5 in. which rolls around an equilateral triangle of altitude 
2in. Find the length of this locus to the nearest 0.1 in. 

16. While the wind is blowing directly from the north 
at the rate of 10 mi. per hour, a steamer is sailing directly 
east at the same rate. In what direction is a weather vane 
on the ship pointing? State the reason. 
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Exercises. Optional Trigonometry 


1. Using the right triangle here shown, define sinA, 


cosA, and tan A in terms of a, b, and ¢. B 
This page is intended only for those who “4 ? 

have studied trigonometry and are preparing 

for an examination that includes the trigo- 4 C 

nometry of the right triangle. The following b 


table of natural functions is sufficient for the exercises given below: 


cos ° 


0.500 1.732 


342 2.747 
174 5.671 


Given the following, find the other parts and the area of 
the right triangle shown above: 


2. A=30°, a= 20 ft. 5. B=60°, a=8.2 in. 
3. B= 40°, b =70 ft. 6. A= 70°, c = 83 yd. 
4, A=50°, b =9.5in. 7. b= 20 ft., a = 23.84 ft. 


8. The angle of elevation of a balloon from a point P 
is 60°, and the distance from P to a point directly beneath 
the balloon is 375 yd. Find the height of the balloon. 


9. When a pole 59.6 ft. high casts a horizontal shadow 
50 ft. long, what is the angle of elevation of the sun? 


10. A flagpole is broken by the wind, and the upper part 
falls over so as to form a right triangle with the lower 
part and the ground. If the upper part makes an angle of 
70° with the ground and the top of the pole is 15 ft. from 
its foot, find the original height of the pole. 


11. Two sides of a parallelogram are 7 ft. and 9 ft. 6 in. 
respectively, and the included angle is 80°. Find the area 
of the parallelogram. 


SUPPLEMENT 


I. INCOMMENSURABLE CASES 


312. Central Angles. We shall now prove the theorem 
of $170 for the incommensurable case. 

Divide ZAOB into any number of 
equal parts and apply one of these 
parts, as ZAOM, to ZBOC as many 
times as possible. Since the angles are 
incommensurable, there is a remainder 
ZXOC less than one of the parts. 

By increasing the number of parts into which 7 AOB is 
divided, the size of a part can be decreased indefinitely. 


That is, ZAOM—0, 
and hence ZaXxOCA 0, 
Then Z BOX — ZBOC 
and arc BX — are BC. 
Z BOX ZBOC 
Hence VAOE LAO R 
at arc BX _, arc BC | § 301, 1 
arc AB arc AB 
But ZBOX _ arc BX, § 170 
ZAOB arcAB 
. ZBOC _ arc BC | § 301, 2 


“ZAOB arcAB 


That is, the central angles have the same ratio as their 


arcs, even though the angles are incommensurable. 
- 975 
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’ 313. Sides of a Triangle. In $201 it was proved for the 
ecommensurable case that a line parallel to one side of a 
triangle divides the other sides proportionally. We shall 
now prove the theorem for the 
incommensurable case. 

Divide CD into any number of 
equal parts and apply one of 
these parts, as CM, to DA as X 
many times as possible. Since 
CD and DA are incommensurable, there is a remainder XA 
less than one of the parts. 


As 


Construct XY |l to AB. § 107 
YORE 2 SINE 
y LIX GS EOEY 
Then = § 201 


By increasing the number of parts into which CD is 
divided, the length of a part can be decreased indefinitely. 


That is, CM — 0, 
and hence XA— 0, 
and YB—0. 
Then DX — DA, 
and EY— EB. 
Then BOSE Eis 
CD ae 
EY EB 
and fF _ Eb, 
CE — CE § 301, 1 
CD CE Proved 
. DA_EB. 
‘CD CE $ 30152 


That is, the sides are divided proportionally, even though 
their segments are incommensurable,. 
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II. RECREATIONS 


314. Fallacies. Below are given a few curious problems 
and interesting fallacies, generally based upon incorrect 
constructions or statements, which should be undertaken 
simply as recreations. 


1. Any point on a line bisects it. 


In the figure below let BC be any line and P any point on it. 
Construct an isosceles AABC upon BC as base, 


and draw AP. 4 
Since YA) ie VAIO A 
AB=AC, A 
and AP=AP, PES 
then AABP is congruent to AACP. / ‘ ‘ 
..BP=PC, Fe 
or any point on a line bisects it. 


2. Every triangle is isosceles. 


Let ABC be any A in which AC is not equal to BC. 

Bisect ZC and construct the | bisector of AB, letting it meet the 
bisector of ZC at P. They must meet, for if they were ll, the bisector 
of ZC would be | to AB and hence would bisect Cc 
it, thus coinciding with the 1 bisector MP. This 
would be possible only if AC=BC, which is con- 
trary to what is assumed above. 

Draw PD 1 to AC and PE L to BC. oe 

Then, Since CP bisects ZC, we have PD = PE; AZ i 
and since MPis the _L bisector of AB, then AP=BP. 

Then A APD is congruent to ABPE, and hence AD= BE. 

Similarly, APDC is congruent to APEC, and hence DC = EC. 

Adding, AD+ DC=BE+ EC, or AC=BC. 

Hence every A is isosceles. 


3. Find the area of this triangle to the nearest 0.1 sq. ft. 


You may use the formula in Ex. 1, page 194, even 
though you have not proved it. If you prefer, draw 2 fi5- 
the figure to scale, measure the altitude, and then 
apply § 244. 


148” 
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4, If A>Band B>C, then A=B=C. 
In this figure the arcs of the © are all tangent to PT at P. Then, if 
A=ZXPT, B=YPT, and C=2ZPT, A 


Ay Be CG of a 
Now the Z between two © is defined Vs 7 = a 


as the Z between their tangents at a xy 
common point (see page 261). 

But the Z between the tangents at P of any two of these © is 0, 
and hence eae 


5. Construct a triangle such that the sum of the interior 
angles is less than 180°. 


The three © of which the arcs are here shown A C 
are tangent at A, B, C. 
Then, as in Ex. 4, the Z between the tangents 
at a common point of any two © is 0. B 
Hence the sum of the 4 of the A formed by the 
tangents at A, B, Cis 0. 


6. All circles have equal circumferences. 


Let two © of unequal radii 
AP and AQ be fastened to- 
gether, and let them roll 
along from A to A’. 

Then P reaches P’ when Q 
reaches Q’. 


Since the © have rolled along equal distances, their circumferences 
must be equal. ¢ 


7. Two coins A and B of the same size are placed upon 
a table so that A is tangent to B. If B is kept fixed and A 
is rolled around B, always remaining tangent to B, how 
many revolutions does A make in rolling once around B? 
Play fairly ; give your answer and reason for it before experimenting. 
8. A man who had a window 2 ft. wide and 4 ft. high 


wished to double its area. He did so, and still the window 
was only 2 ft. wide and 4 ft. high. How was this possible ? 
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9. The sum of the parallel sides of a trapezoid is zero. 


In the figure below let ABCD be the trapezoid with bases AB (or b) 
and CD (or a). 


Now let DC be produced to Sand BA to Pso that CS=band AP=a 


Then APAQ is similar to ASCQ, 
and ACDR is similar to AABR. 
Hence Oe eke yeaa, 
b ytz2 at+y 
Th esgte 
en bay D i b aS) 
whence = Ea . 
Z—-x“% x+y 
But les aes Y 
Z—2 
Then | 
b s 
or a=—b)b; 
whence a+6=0. 


10. Any number is equal to zero. 


On a piece of squared paper mark out a square which shall be 8 
by 8, and then draw lines dividing it into three parts A, B, C, as shown. 

Then mark out 
a LJ which shall 5 
be 5 by 18, and di- sp 
vide it into three S z 
parts such that |Al | _J- | 
A’= A, B’=B, and Fi 
C’=C, as shown. 2 B 

The number of 
small squares in the large square is 8 x 8, or 64, and the number of 
small squares in the (1) is 5 X 18, or 65. 


Hence 65 = 64, 
or Tai; 
Multiplying these equals by any number, say 25, we have 
25:'='0; 


and hence any number is equal to zero. 
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11. From any point outside a line two perpendiculars can 
be constructed to the line. 


Let AB be any line and P any point not on 
AB, and draw PA, PB. 

With PA and PB as diameters construct © 
intersecting AB at Y and X respectively, and 
draw PX, PY. 


Then are A= Ke 
and ZX ee 
Hence both PX and PY are 1 to AB. 


12. The whole is equal to one of its parts. 


In this A, CP is 1 to AB; and CX 
is drawn so as tomake ZACX=ZB. C 

Then AAXC is similar to AACB. 

Hence these A are proportional to 
the squares of corresponding sides, and, 


: : aged: ~B 
since they have equal altitudes, to their PBB 
bases also. ise 

AACB_ BC" _AB 
Then =, = —, 
A AX Cae Govan ALK 
avant faa! 
and hence eo ee : 
ABST AX 
Then AC_+4B'-2AB-AP _AC*+AX*—2AX-AP 
AB A AX ‘ 
AG: Aes 
or AB +AB—2AP=~ ~ +AX—2AP; 
AG: AC. 
whence = = = 
AB AX AX AB, 
. AC*—AB-AX _AC*—AB-AX 
AB ~. AX 
Hence AB=AX, 
or the whole is equal to one of its parts. 


13. Show how to arrange six matches so that each match 
shall touch four others. 
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JII. History or GEOMETRY 


315. Ancient Geometry. The geometry of very ancient 
peoples was largely the mensuration of simple areas and 
volumes such as is taught to children in elementary arith- 
metic today. They learned how to find the area of a rec- 
tangle, and in the oldest mathematical records that we 
have there is some discussion of triangles and of the 
volumes of solids. 

Our earliest documents relating to geometry have come 
to us from Babylon and Egypt. Those from Babylon were 
written, about 2000 B.c., on small clay tablets (some of them 
about the size of the hand) which were afterwards baked 
in the sun. They show that the Babylonians of that period 
knew something of land measures and perhaps had advanced 
far enough to compute the area of a trapezoid. For the 
mensuration of the circle they later used, as did the early 
Hebrews, the value 7 = 3. 

The first definite knowledge that we have of Egyptian 
mathematics comes to us from two manuscripts copied on 
papyrus, a kind of paper used in the countries about the 
Mediterranean in early times. One of these manuscripts 
was made by one Aah-mesu (the Moon-born), commonly 
called Ahmes, who flourished probably about 1600 B.c. The 
original from which he copied, written about 2000 B.c., has 
been lost, but the papyrus of Ahmes, written over three 
thousand years ago, is still preserved and is now in the 
British Museum. In this manuscript, which is devoted 
chiefly to fractions and to a crude algebra, is found some 
work on mensuration. While there is some doubt as to 
the translation of some of the statements, apparently the 
curious rules given include the ones that the area of an 
isosceles triangle is half the product of the base and one of 

ig 
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the equal sides, and that the area of atrapezoid with bases 
b, b' and nonparallel sides each equal to a is a(b+0'). 
One noteworthy advance appears, however, where Ahmes 
gives a rule for finding the area of a circle, substantially 


as follows: Multiply the square on the radius by (75°)’. 
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Part of the Ahmes Papyrus 


The oldest extensive book on mathematics in the world, a papyrus roll 
written by Ahmes about 1550 B.c. 


This is equivalent to taking for 7 the value 3.1605, and is 
the earliest known case of so close an approximation. 

The second ancient Egyptian manuscript, which may 
have antedated slightly the work of Ahmes, is now in 
Russia. It is on mensuration and apparently contains one 
interesting case of the mensuration of a solid. 
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316. Early Greek Geometry. From Egypt, and possibly 
from Babylon, geometry passed to the shores of Asia Minor 
and Greece. The scientific study of the subject begins with 
Thales, one of the Seven Wise Men of the early Greek 
civilization. Born at Miletus about 624 B.C., he died there 
about 548 B.c. He founded at Miletus a school of mathe- 
matics and philosophy, known as the Ionic School. How 
elementary the knowledge of geometry was at that time 
may be understood from the fact that tra- 
dition attributes to Thales only about four 
propositions. 

The greatest pupil of Thales, and one of 
the most remarkable men of antiquity, was 
Pythagoras. Born probably on the island 
of Samos, just off the coast of Asia Minor, 
about the year 580 B.c., Pythagoras set Set ee 
forth as a young man to travel. He went of the oldest known 
to Miletus and studied under Thales, prob- Portrait medals of a 
ably spent several years in Egypt, and very ea aA ee 
likely went to Babylon. He then founded a school at 
Crotona, in Italy. He is said to have been the first to 
demonstrate the proposition in geometry that the square 
on the hypotenuse of a right triangle is equivalent to the 
sum of the squares on the other two sides. 


317. Euclid. The first great textbook on geometry, and 
the most famous one that has ever appeared, was written 
by Euclid, who taught mathematics in the great university 
at Alexandria, Egypt, about 300B.c. Alexandria was then 
practically a Greek city, as it had been named in honor of 
Alexander the Great and was ruled by the Greeks. 

Euclid’s work is known as the Elements, and, as was the 
case with all ancient works, the leading divisions were 
called ‘‘books,’’ as is seen in the Bible and in the works 


Pythagoras 
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of such Latin writers as Cesar and Vergil. This is why 
we speak today of the various books of geometry. In 
this work Euclid placed all the leading propositions of 
plane geometry that were then known, and arranged them 
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First Page of Euclid’s Elements 


From the first printed edition, Venice, 1482 


in a logical order. Most geometries of any importance 
since his time have been based upon this great work of 
Kuclid, and improvements in the Sequence, symbols, and 
wording have been made as occasion demanded. 
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318. Geometry in the East. The East did little for geom- 
etry, although contributing considerably to algebra. The 
first great Hindu writer was Aryabhatta, who was born in 
476 A.D. He gave the very close approximation for 7 which 
we express in modern notation as 8.1416. The Arabs, about 
the time of the Arabian Nights tales (800 a.p.), did much 
for mathematics by translating the Greek authors into 
their own language and by bringing learning from India. 
Indeed, it is to the Arab mathematicians of the ninth and 
tenth centuries that modern Europe owes its first knowledge 
of the Elements of Euclid. The Arabs, however, contrib- 
uted nothing of importance to geometry. 


319. Geometry in Europe. In the twelfth century Euclid 
was translated from the Arabic into Latin, since Greek 
manuscripts were not then at hand, or were neglected 
because of ignorance of the language. The leading trans- 
lators were Adelard of Bath (1120), an English monk who 
had learned Arabic in Spain or in Egypt; Gherardo of 
Cremona, an Italian monk of the twelfth century; and Jo- 
hannes Campanus (about 1250), chaplain to Pope Urban IV. 

In the Middle Ages in Europe nothing worthy of note 
was added to the geometry of the Greeks. The first Latin 
edition of Euclid’s Elements was printed in 1482, and the 
first English edition in 1570. 

320. Important Propositions. A few facts concerning some 
of the important propositions will be found of interest. 

™he theorem which asserts that the base angles of an 
isosceles triangle are equal is said to have been first proved 
by Thales, about 575B.c. It represented the usual limit 
of instruction in geometry in the Middle Ages; that is, 
it formed a kind of bridge across which fools could not 
pass. It was probably on this account that it was called 
the pons asinorum (the bridge of fools). Roger Bacon, 
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about 1250, called it the fuga miserorum (the flight of the 
miserable ones) because they fied at the sight of it. 

The second of the congruence theorems is also attributed 
to Thales, who is said to have used it in measuring the 
distance from the shore to a ship. 

The proposition which relates to the sum of the angles 
of a triangle is referred to by one of the later Greek writers 
in these words: ‘‘The ancients investigated the theorem 
of the two right angles in each individual species of tri- 
angle, — first in the equilateral, again in the isosceles, and 
afterwards in the scalene triangle.’’ It is interesting to 
see that we do not have to take this long method of prov- 
ing this simple proposition today. It is said that one of 
the earlier writers, Eudemus, who lived about 335 B.c., 
attributed the theorem to the Pythagoreans. 

Perhaps the earliest records of the Pythagorean Theo- 
rem are found in Egyptian and Chinese works of uncertain 
dates, but apparently written before 1000 B.c., or long 
before Pythagoras lived. In the Chinese work the state- 
ment reads: ‘‘Square the first side and the second side 
and add them together; then the square root is the hypote- 
nuse.’’ The theorem, however, was not proved in either 
of these works. 


321. The Three Famous Problems. The Greeks very early 
found three problems which they could not solve. The first 
was that of trisecting any given angle,—the trisection 
problem; the second was that of constructing a square 
equivalent to a given circle,—the quadrature problem; 
and the third was that of constructing a cube that should 
have a volume twice that of a given cube,—the duplication 
problem. All three are easily solved if we allow other instru- 
ments than the ruler and compasses, but they cannot be 
solved by the use of these two instruments alone. 
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IV. SUGGESTIONS TO TEACHERS 


322. Difficulties of the Student. Among the difficulties and 
failures which are encountered by the student the following 
demand special attention: 

1. Failure to comprehend the purpose of geometry. A spe- 
cial effort should be made at the beginning of Book I to 
have the student appreciate the pleasure of ‘‘standing upon 
the vantage ground of truth’’ and the meaning of a real, 
deductive, scientific proof of a statement. A reasonable 
number of references to geometric forms found in the 
schoolroom, the use of such genuine applications of geo- 
metric forms as are within the ability of the student to 
comprehend, and the transfer of the method of geometric 
reasoning to: simple problems of life will be found helpful. 
On the other hand, much time can be wasted by dwelling 
upon forms which, while interesting pictorially, have no 
significant relation to demonstrative geometry and are of 
no particular value as constructions. 

2. Failure to comprehend the technical language. Stu- 
dents are often discouraged because they do not clearly 
see the meaning of such terms as median, isosceles, hexa- 
gon, and rhombus. This difficulty is easily removed, when 
it is met, by substituting for the term itself a statement of 
its meaning. In general, the teacher should use as simple 
terms as possible, particularly in the first part of the work. 
On this account it is better to use a familiar term such as 
‘“eorresponding’’ instead of ‘‘homologous,’’ to speak of 
‘what is given’’ rather than of the ‘‘hypothesis,’’ and to 
speak of ‘‘what is to be proved’’ rather than of the ‘*con- 
clusion,’’ especially as this last term is applied to a state- 
ment at the beginning rather than at the end of a proof. 
Simplicity of language and of symbols is a great asset. 
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3. The idea that geometry is to be memorized. This diffi- 
culty can be best overcome by paying particular attention 
to the first few propositions. If the teacher develops these 
propositions carefully by questioning the class before the 
theorems are given, and thus leads the students to feel 
that they are discovering the proofs for themselves, they 
will come to prefer independent work and will thereafter 
read the proof in the text as a model of style rather than 
as a necessary aid. A second valuable aid is the intro- 
duction of a considerable number of simple exercises with 
each of the first few propositions. Several of these may 
be given as sight work, with rapid demonstration by the 
student at the blackboard. In this way it will be found 
unnecessary to resort to such a doubtful device as that of 
changing the letters or figures from those which have 
been carefully worked out for the text. 

4. Failure to follow a proof given at the blackboard. A 
prominent cause for this failure is the habit which stu- 
dents often form of reading lines and angles by their 
letters without pointing to the figures at the same time. 
No one can follow with ease a demonstration filled with 
expressions like ““ZAOB=ZPRX.’’ It is much better to 
say “‘angle m’’ and point to it, and it is still better to point 
to a line segment and say ‘‘this line segment”’ instead of 
using letters to represent it. Letters are chiefly helpful in 
written work rather than in oral explanation. Teachers 
who recognize this fact will not be disturbed by such 
convenient lettering as ABC and A'B'C'. 

It is also helpful to a class if the student who is demon- 
strating a proposition begins his proof by saying, ‘‘The 
general plan of the proof is---’’ and states the plan. For 
example, he may say, ‘‘The general plan of this proof is 
to show that this triangle is congruent to that one.’’ This 
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method is beneficial not only to the class but to the one 
who is giving the proof. The statement of the plan of the 
proof has been given in the fundamental propositions in 
Books I and II, and after this the student is supposed to 
state the plan in each case for himself. 

5. Failure to state with precision what is given and what 
is to be proved. Time devoted to this feature is well spent 
if it leads the student to acquire the habit of precise state- 
ment of these parts of a proof in the first exercises which 
he meets. A considerable part of the student’s difficulty 
lies in the failure to acquire this habit, and it must be 
acquired early if at all. 

6. Failure to draw the figure when the statement is read. 
It is always a great aid to draw the figure with reasonable 
neatness, and in as general a form as the circumstances 
require, while the theorem, problem, corollary, or exercise 
is being read. Such a habit tends to make the statement 
clear at once and to emphasize precisely what is given and 
precisely what is required. 

323. Methods of Attack. A great deal has been written 
upon the methods of attacking an exercise or a proposition. 
For a beginner, however, it is desirable to keep only two 
methods prominently in mind: 

1. Analysis. The student should early acquire the habit 
of saying, ‘‘I can prove this if I can prove that; I can prove 
that if I can prove this third fact,’’ and so on until he 
reaches some statement which he can prove. He should 
then reverse his reasoning and give the proof step by step 
in proper geometric form. 

2. Indirect Method. In case the analysis does not lead to 
the proof the student should say, ‘Suppose that the fact 
I am to prove is not true, what follows?’’ thus taking the 


indirect method described in § 56, 
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324. Great Basal Propositions. The teacher will find it 
helpful to call attention from time to time, and especially 
at the close of each book, to the great basal propositions of 
geometry as emphasized in this text. Geometry is peculiar 
among all branches of mathematics, and indeed among all 
the sciences, in its dependence upon a strong chain of truths 
and upon the deductive reasoning which results therefrom. 
The links in this chain, the great basal propositions, should 
therefore be thoroughly mastered. 


325. Language and Symbolism. Teachers are advised not 
only to use as simple language as possible, as already men- 
tioned, but to avoid new and unusual terms, especially those 
which do not have general international sanction. In the 
same way it is desirable to avoid local or personal preju- 
dices in favor of symbols which are not generally recog- 
nized. Such symbols are easily created, and they have 
some advantage as pieces of shorthand; but it should be 
remembered that students are being prepared to read 
general mathematical works, and that for this purpose 
they can best be helped by using only recognized language 
and symbols. Such symbolism as s. a. s. for ‘‘two sides 
and the included angle’’ soon runs into the ridiculous, since 
such forms are neither necessary nor generally helpful. 

It is well to remember, too, that there is considerable 
advantage in lettering and in reading a figure counter- 
clockwise, particularly when a reflex angle is met; but this 
is not an arbitrary rule to be followed in all cases. If two 
figures are symmetrically arranged like the triangles in 
§ 47, it is much clearer to read the corresponding letters 
in the same order, as ABC and A'B'C', even though in one 
case they are read clockwise. In other words, any such 
arbitrary rule should be broken without any hesitation if 
there is a decided gain in so doing. 
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In the matter of symbolism the teacher will find it much 
better to use 7 A, or simply a, instead of 72. The use of the 
numeral is unnecessary, and there is always some confusion 
in seeming to give a numerical value to an angle which prob- 
ably has an entirely different value from the one stated. 

In general, the teacher will find it helpful to letter figures 
systematically, as has been done in the text. For example, 
on account of the ease with which corresponding parts may 
be recognized, it is more helpful to letter two congruent 
triangles as ABC and A'B'C' than as DPX and LSV, par- 
ticularly as it is neither necessary nor desirable to use the 
letters in giving oral proofs. 

326. Discussions. One of the most valuable features in 
the solution of a problem is the discussion of special cases. 
These are, in general, left for the teacher to initiate. Nearly 
every problem has some special case of interest which 
often leads to the discovery that the solution is impossible 
under certain circumstances. No text can reasonably be 
expected to discuss all these special cases, but the class 
should be encouraged to discover the most interesting ones. 

In particular, it is highly desirable to generalize each 
figure under discussion, by studying the various shapes 
assumed when some point or some line of the figure is 
moved about in the plane. 

327. Role of Postulates. The teacher wil! recognize that 
it is possible to reduce the number of postulates in any 
school geometry. This, however, is not desirable. The 
question to be answered in this connection is, What is 
best for the student at his stage of mental development ? 
In general, within reason, a statement that seems obvious 
to a student may safely, at first reading, be taken as a 
postulate, but should be proved when the feeling of the 
need for demonstration arises. 
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POWERS AND ROOTS 


Cubes 


3 


132,651 
140 608 
148 877 
157 464 
166 375 
175 616 
185 193 
195 112 
205 379 


216 000 
226 981 
238 328 
250 047 
262 144 
274 625 
287 496 
300 763 
314 432 
328 509 


343 000 
357 911 
373 248 
389 017 
405 224 
421 875 
438 976 
456 533 
474 552 
493 039 


512 000 
531 441 
551 368 
571 787 
592 704 
614 125 
636 056 
658 503 
681 472 
704 969 


729 000 

753 571 

778 688 

804 357 

830 584 

857 375 

884 736 

912 673 

: : 941 192 

117 649 ‘ : 970 299 


125 000} 7. ‘ 10 000 | 1 000 000 
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